Yu. N. Bratkov 
The hyperbolic Monge— Ampere equation: 
classical solutions on the whole plane 

Abstract 

' The Cauchy problem for the hyperboHc Monge- Amp ere equation 

^ . f ^ "I" ^z^x + C^^xy + Dzyy + hess z = , 

§; \ ziO,y) = z%y), z.,{0,y)=p"{y), yGR 

I ■ is considered. Here hess z = ZxxZyy — z^y , A,B,C,D depends on 

X, y, z, Zx,Zy . The equation is hyperbohc when — 4BD + AA > . 
Q^'. Sufficient conditions on the existence of a (unique) C^-solution on 

' the whole plain are formulated. 
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1 Introduction 

This well-known problem was posed to the author by E. V. Shikin. The first 
publication was made in [Brj (it was received by the journal in February 
1998). The author is grateful to D. V. Tunitsky for finding some subtle (not 
essential) error. Here we publish the full text of the revised proof. Changing 
is getting another successive approximations. The result doesn't depend on 
this changing. Certainly, this paper was a good reason for extending and 
improving the result. 

The Monge-Ampere equation could be reduced to the system of five equa- 
tions in Riemann invariants [Tunj . The theory of hyperbolic systems is a 
perfect one, when eigenvalues are separable (for example, are separated by 
constants). In our case eigenvalues are the solution of the system, i.e. un- 
known functions. It is required to find them. 

The essence of the problem was formulated by J. Leray in his Princeton 
lectures on hyperbolic equations (1953): "It turns out well to prove the 
local existence theorem only. . . It shows that for hyperbolic equations the 
existence of solutions on the whole depends on getting a priory estimations 
for their derivatives. . . Except of equations which are linear outside some 
small area, we don't have examples of such known a priory estimations" 
[Ler] . Chapter IX. Comments of N. H. Ibragimov (1984): "Now we know some 
nonlinear equations for which the Cauchy problem is solvable on the whole. 
For example, for the Yang-Mills equations the theorem of the existence of 
the solution on the whole is proved by two different ways" ( [Ler] . Russian 
edition, p. 162). 
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Global classical solvability is a sophisticated kind of sport. B. Riemann 
proved the nonexistence of global classical solutions for some system of hyper- 
bolic equations |Yanj . This system isn't weakly nonlinear. Weakly nonlinear 
systems were introduced by N. N. Yanenko in 1955 |Yanj . The system of two 
equations in Riemann invariants 

{dx + M2) dy) ui = 0, ((9^ + U2) dy) U2 = 

was considered. Weak nonlinearity 

d^i/dui = 0, ^ = 1, 2, 

is required for global classical solvability. 
The system 

{dx + ^i{x, y, U2) dy) ui = fi{x, y, ui, U2), 
{dx + Ml) dy) U2 = f2ix, y, Ui, U2) 

was considered by B. L. Rozhdestvensky and A. D. Sydorenko in 1967. This 
weakly nonlinear system has global classical solutions, when it is hyperbolic 
in the restricted sense. Restricted hyperbolicity means separability of eigen- 
values of the system. Thus by the Rozhdestvensky — Sydorenko theorem 
( [RYaj . Chapter 1, § 10, Subsection 3) the problem of a priory estimations 
for derivatives is reduced to the problem of separability of eigenvalues, or to 
the problem ^1 7^ ^2 • 

Consider an example. Let the coefficients of the Monge- Ampere equation 
depend on x, y only. The equation could be reduced to the system 

{dx + U2dy)ui = {ui - U2) ai{x,y,ui), 
{dx + ui dy) U2 = {ui - U2) a2{x, y, U2). 

From this system, subtracting and integrating, we have 

{ui - ■U2)(x, y) = {ui - U2) exp i^J (ai - 02 - U2y) rfr| . 

If u1{y) U2{y)'i y E M, and Ui,U2,U2y 7^ 00 in any finite point, then 
Ml — M2 7^ in any finite point. A priory estimations for derivatives in this 
case are equivalent to a priory estimations for ui,U2,ui — U2- 
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Author's approach is the next. We don't prove the existence of a pri- 
ory estimations, and we don't search a priory estimations. We set a priory 
estimations for ui,U2,ui — U2 ■ Thinking in this direction was blockaded. 

Finally, refer to papers of Jia-Xing Hong Hong-93] , Hong-95 . The au- 



thor found out on the existence of these papers in Beijing in 2002. The paper 
Hong-95| on global classical solutions of the equation 



hess z = —k'^{x, y) 



is unclear to the author, and the author couldn't find the paper Hong-93 
The paper |Hong-93] could be considered, in particular, as solving the equa- 
tion 

hess 2; = —k'^{x,y){l + zl + ZyY- 

2 Systems in Riemann invariants 
2.1 One model equation 

Consider the plane = (x,?/) . Let u{x,y) be an unknown function. Let 
the equation 

{d:, + ^{x,y)dy)u{x,y) = f{x,y) (2.1) 

be an example for studying the main concepts, such as a characteristic and in- 
tegration along a characteristic ( [RYaj . Chapter 1). Suppose ^, / G C^(M^). 
Definition. Consider the plane = (x, y) . The curve 

x = T, y = g{T,x,y) 

is a characteristic of the equation (2.1). Here the function g{T,x,y) is a 
solution of the Cauchy problem 

Org = ^{T,g{r,x,y)), 
^ 9[x,x,y) = y. 

Lemma 2.1. 

id, + ^dy)g = 0. (2.3) 

Proof. Suppose the existence of functions g^, g-y ■ Following [Pozj . we'll 
find these functions. 
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Differentiating (2.2) with respect to x , we obtain an ordinary differential 
equation with respect to d^g : 

drd^g = —{T,g)d^g. (2.4) 

Differentiating the initial condition in (2.2) with respect to x , we obtain 

d^g{x,x,y) = 0, 

or 

drg{T,x,y)\^^^ + d,^g{T,x,y)l^^ = 0, 
therefore, taking into account (2.2), we have 

dMr,x,y)l^^ = -ax,y). (2.40) 

Solving the Cauchy problem (2.4), (2.4°) , we have 



dxgir, X, y) = -^(x, y) exp I J —{t, g{t, x, y)) dt 



(2.5) 



Analogously, solving the Cauchy problem with respect to the function dyg 

drdyg = ^{T,g)dyg, 
dygiT,x,y)\r=x = 1, 

we have 

dyg{T,x,y) = exp ^{t, g{t, x,y)) dt^ . (2.6) 

From (2.5), (2.6) we have (2.3). □ 

Consider the Cauchy problem for the equation (2.1). Let an initial con- 
dition be 

uiO,y)=u%y). (2.10) 

Here u° G C\R^). 

The problem (2.1), (2.1°) is well-defined [RYa] . Wi'll solve it in the 
half-plane x > . Solving in the half-plane x < is analogous. 

Lemma 2.2. The solution of the problem (2.1), (2.1°) is 

uix,y) = u%giO,x,y))+ [ fir,g{r,x,y))dT. (2.7) 

Jo 
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Proof. The condition (2.1'') is true, because 

u{Q,y)=u\g{(),(),y)) = u\y) 
by the initial condition (2.2). Differentiating (2.7), we use the formula 

dx / (p{T,x)dT= / dx^{T, x)dT + ip{x, x). 
Jo Jo 

Therefore, 

(dx + idy) u = ?^?(t) 1,^^(0 {dx + idy) c/(0, x, y) + 
Jo og 

By Lemma 2.1 and the initial condition (2.2), 

{d^ + idy)u{x,y) = f{x,y). □ 

The procedure of solving (2.1), (2.1*^) by (2.7) is called integrating the 
equation (2.1) along the characteristic. 

2.2 Systems in Riemann invariants 

The developed theory works in more general case. Consider vector-functions 
u = {ui, . . .,Um), Ui = Ui{x,y) e C^(]R2), 

f = {fi,...Jm), fi = f^ix,y,u) eC\R^), i = l,...,m. 

Definition. The system 

id^ + ^iix,y,u)dy)ui{x,y) = fi{x,y,u), z = l,...,m, (2.8) 

is called a system in Riemann invariants |RYa] . 

Consider the Cauchy problem for the system (2.8). Let an initial condition 

be 

uiO,y) = u°iy). (2.8°) 
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Definition. Consider the plane = {x, y) . The curve 

y = 9i{'r,x,y) 



X = T, 



is an i-th characteristic of the system (2.8). Here the function gi[r,x,y) is 
a solution of the Cauchy problem 



dr9i = CiiT, 9i{T, X, y),u{T, X, y)), 
9i(x,x,y) ^y. 



(2.9) 



Lemma 2.3. The i-th component of the solution of the problem (2.8), 
(2.8°) is a result of integrating the i-th equation of the system along the 
i-th characteristic, i — 1, . . . ,m : 

Ui{x,y) ^ u^i{gi{0,x,y)) + / fi{T, gi{T,x,y),u{T, gi{T,x,y))) dr. (2.10) 



Proof. Suppose the solution u{x,y) of the problem (2.8), (2.8°) is known. 
Inserting it in (2.8), we see that each equation of the system is in the form 
of (2.1), because it is possible to suppose 



^i{x,y,u{x,y)) ^^{x,y), fi{x,y,u{x,y)) ^ f{x,y), i = 1, 
Therefore for 

{dx + ii{x, y)dy) Ui{x, y) = fi{x, y), i = 1, . . . , m, 
we obtain Lemma 2.1 and Lemma 2.2. Further, (2.5), (2.6) are 



, m. 



dx9iiT, X, y) ^-Ci{x, y, u)ex.p 



^'yV^j=i'dv~~dy 



dy9i{T,x,y) = exp 



<96 du, 
duj dy 



{t,gi{t,x,y))dt 
{t:9i{t:X,y))dt 



(2.11) 



Finally, (2.7) is (2.10). □ 

The formula (2.10) is used for studying properties of solutions. It is 
recursive, so it doesn't give a solution of the problem (2.8), (2.8°) in an 
explicit form. The solution could be obtained by successive approximations. 
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3 Systems in Riemann invariants and hyper- 
bolic Monge— Ampere equations 



Here we follow a chapter of the dissertation of Tunitsky |Tun-dis] . This 
chapter was published separately as |Tunj . 

It was well-known that the hyperbolic Monge-Ampere equation could be 
reduced to a system of five equations of the first order ( [Courj . Supplement 1 
to Chapter V, § 2), and it was well-known that this system could be reduced 
to a system in Riemann invariants (in |Cour] the system of five equations 
isn't a system in Riemann invariants). In Tunitsky's paper the system in 
invariants is written in an explicit form, and everyone can use it. 

3.1 The Cauchy problem for the Monge— Ampere equa- 
tion 

Consider the plane = {x,y) and an unknown function z = z{x,y) on 
this plane. Consider the Monge-Ampere equation with respect to z 

A + Bzxx + Czxy + Dzyy + E hess z = 

Here hess z = z^xZyy — z^^, A, B, C, D, E are functions of x,y,z , z^, Zy ; 
E ^ . Dividing by E , we obtain ii^ = 1 , so we consider the equation 

A + Bzxx + Czxy + Dzyy + hess z = (3.1) 

Suppose A, B,C,De C^{R^) . 

Let z{x,y) be a C^-solution of the equation (3.1). We say that the 
equation (3.1) is hyperbolic at the solution z{x,y) ( |Courj . Supplement 1 to 
Chapter 5, § 2), if 

A^{x, y, z{x, y), Zx{x, y), Zy{x, y)) = - 4BD + AAE > 0. (3.2) 

Recall that E = 1 . By > , we set A > . Initial functions for the 
Cauchy problem on the Oy axis are 

z{0,y) = Zo{y), ZxiO.y) = Poiy); (3.3) 

here zq G C'^(R^) , and po G C^(]R"'^) . Suppose zo , Po satisfy the next two 
conditions. First, the axis Oy is free, i.e. 

z';,iy) + B{0,y,zoiy),Poiy),z,{y))^0. (3.4) 
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Secondly, on the axis Oy the hyperbohc condition (3.2) 

A\Q,y,z^{y),p^{y),z^{y)) > Q (3.5) 

holds. 

The full formulation for the Cauchy problem for the Monge-Ampere equa- 
tion is the next. The aim is to find the C^-function z{x,y) satisfying the 
initial condition (3.3), the equation (3.1), and (at the solution z{x,y)) the 
hyperbohc condition (3.2). 

Now we explain C'^-smoothness , when a classical solution of the equation 
(3.1) is assumed to be C^-smooth . To obtain the system in Riemann invari- 
ants, the integrabihty conditions pxy = Pyx , Qxy = %x will be used. Here 
p, q are assumed to be Zx, Zy . 



3.2 The system in total differentials 

Let z{x,y) be a C^-solution of the equation (3.1) in some domain T. Sup- 
pose the equation (3.1) is hyperbolic at the solution z, and 

Zyy{x, y) + 5(x, y, z{x, y), Zx{x, y), Zy{x, y)) ^ 0, (3.6) 

\/{x,y) G T. The inequality (3.6) means that vertical lines x = const are 
free. 

By definition, put 

_ C + A — 2Zxy ^ C — A — 2Zxy , _^ 

- 2{z,, + B) ' - 2(zyy + B) ■ ^'-'^ 

Functions Ui , U2 are tangents of angles of inclinations of characteristics 
of the equation (3.1) ( jCour j . Supplement 1 to Chapter V, § 2). By the 
hyperbolic condition (3.2), we obtain U2-, so it is possible to solve (3.7) 
(uniquely) with respect to Zxy , Zyy : 

_ A _ A m + ^2 , C 

^yy-ur-u2 ' ^^^"2m2-wi 2- ^^-^^ 

Substututing (3.8) in (3.1), we obtain a linear equation with respect to Zxx ■ 
Solving it, we have 

Zxx = A^^ - D. (3.9) 
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Following Monge, by definition, put 



Zx = P, 



Zy = q. 



(3.10) 



From (3.8), (3.9), we obtain that z , p, q as functions of variables x , y in 
the domain T are a solution of the system in total differentials 



Right sides of (3.11) are continuously differentiable functions of x,y, z,p,q . 

Thus, we proved the next. If z{x,y) is a C^-solution of the equation 
(3.1) in the domain T , and inequalities (3.2) (3.6) hold, then three functions 
z,p,q are defined, and they are a solution of the system (3.10)-(3.11). 

Conversely, suppose there exist two continuously differentiable functions 
{ui, U2) in the domain T, such as ui U2 , and suppose there exists a 
C^-solution of the system (3.10)-(3.11) in the domain T, such as 



Clearly, in this case we have Zxx = Px , = Py = qx , Zyy = qy . Therefore, 
z e C^{T) . Substituting second derivatives of z in the left part of (3.1), we 
see that z{x,y) is a solution of the equation (3.1). By (3.12), the equation 
(3.1) is hyperbolic at and the inequality (3.6) holds. 

Summarize the obtained results lemma. 

Lemma 3.1. There exists in the domain T a function z{x,y) G C^{T) 
satisfying (3.1), (3.2), (3.6) iff there exists in the domain T a C^-solution 
{z,p,q) of the system (3.10)-(3.11), satisfying (3.12). □ 

3.3 The system in Riemann invariants 

The system of differential equations in total differentials is overdetermined, 
so, generally speaking, it doesn't have a solution. The solution exists iff in- 
tcgrability conditions hold. Integrability conditions for the equations (3.10)- 
(3.11) could be reduced to differential relations for functions Ui, U2, z,p,q . 



Py 



Px 




(3.11) 



A{x, y, z{x, y), Zx{x, y), Zy{x, y)) > 0. 



(3.12) 
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Indeed, right parts of the system (3.10)-(3.11) are continuously differen- 
tiable, so functions 2;, p, q are twice continuously differentiable. Therefore, 
on T we have equalities 

^xy — ^yxi Pxy — Pyxi Qxy — Qyx- (3.13) 

By (3.10)-(3.11), the first equality (3.13) is an identity. The second equality 
(3.13) is 

2 2 

A UiU2 



, f Ui + U2 \ Cp\ / a U1U2 _ n^ I 

+ [U2-Ui^ + ^J [^Ui - U2 + 
, ( Ui + U2 \ Cg\ f A U1 + U2 , C\ 

yu2-ui 2 2 j \ 2u2-ui^ 2 ) ■ 
Analogously, the third equality (3.13) is 

Ml + -»2 I 1 A A Ui + M2 I C 



, / Ml + U2 \ Cg\ f A _ o 
+ ' M2 - Ml 2 + 2 j Ui -M2 



Ax _|_ A M2a — Mj-r _ f> _i_ { A^ _ R ^ n_|_ 



+ I ^2 B ^ ("a ^^"^ + 

+ \^Mi - M2 y^Ui -U2 

+ l^Mi - M2 ~^^) 1,TM2-Mi + • 



(3.14) 



(3.15) 
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(3.14)-(3.15) is a linear system of two algebraic equations with respect to 
Uix + U'2Uiy , + UiU2y ■ Tlic determinant is A^/ {ui — ^2)^ ■ By Ui ^ U2 , 
this system has a unique solution. The solution is 

Ulx + U2Uiy ^ Eo + EiUi + E2U2 + E^u\ + E^UiU2 + E5UIU2, 



U2x + uiU2y ^ I0 + hul + I2U2 + hu\ + huiU2 + huiul- 



(3.16) 



Coefficients Ej, Ij, < j < 5 , depend on functions B, C, D, A and on their 
first derivatives: 



CCq - SACg + CAg + AAq - 2ADp), 



Eq — 


-^0 — Dq, E^ 


Ei^ 


ai + a2 + ^ 


E2 = 


-ai - ^2 + 4^ 


E3 — 




E^^ 




/i = 


«! - Q!2 + ^( 




-ai + a2 + ^( 


h = 




h = 


-A-/52 + 4^(- 


where 





-CCg- ACg-CAg- AAg-2ADp), 

-CCp + ACp + CAp - AAp + 2ABg) , 
CCp + 3 ACp - CAp + AAp + 2ABg), 



(3.17) 



CCg- ACq-CAq + AA, 



, 2ADp), 



-CCg - SACg + CAg " AAg " 2ADp), 

CCp + ACp + CAp + AAp + 2 AS,) , 
-CCp + 3 ACp - CAp - AAp + 2 AS,), 



ai = ^{2Dy + Cx + 2D,q + C,p + CDp - DCp - 2BDg), 

a2 = ^{Ax + A,p-DAp), 

A = ^i2Bx + Cy + 2B,p + C,q + CBg - BCg - 2DBp), 
P2^j^{Ay + A,q-BAg). 

Let z{x,y) be a C^-solution of (3.1) in T. Suppose inequalities (3.2), 
(3.6) hold. By Lemma 3.1, so that z, p — Zx, q — Zy satisfy (3.10)-(3.11), 
where ui , U2 are defined by (3.7). 

Multiplying the second equation (3.10) by Ui , and then adding with the 
first equation (3.10), we get 

Zx + uiZy ^ p + uiq. (3.18) 
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Analogously, consider (3.11). Multiplying the second equation (3.11) by ^2 , 
and then adding with the first equation (3.11), we get 



Px + U2Py^ — 2 — (3.19) 

Multiplying the fourth equation (3.11) by ui , and then adding with the third 
equation (3.11), we get 

C + A 

qx + uiqy^ — ^ Bui. (3.20) 

Thus, the next fact is proved. 
Theorem 3.1. Let z{x,y) be a C^-solution of (3.1) in the domain 
T. Suppose (3.2), (3.6) are satisfied by z. Then the set of functions 

{ui, U2, z, p, q) , where Ui, we get from (3.7), p = z.^ , q = Zy,\s 
C^-solution of the system of five equations (3.16)-(3.20) in T. □ 



3.4 Reducing the Monge— Ampere equation to a sys- 
tem in Riemann invariants 

Suppose the domain T has a nonempty intersection with the axis Oy . The 
next statement in some sense is inverse with respect to Theorem 3.1. 

Theorem 3.2. Let (mi, M2, z, p, q) be a C^-solution of (3.16)-(3.20) 
in the domain T . Let initial values for this solution be 

z{Q,y) = zo{y), 
p{0,y) =Po{y), 
?(0,Z/) = Zoiy), 

(C + A)((0,y,zo(y),po(y),4(2/))) -2K(y) ^^"^l) 



Mi(0,2/) 
«2(0,2/) 



2{zo + B{0, y, zo{y),po{y), 4(y))) 
{C-A){{0,y,zo{y),po{y),z,{y))) - 2p,{y) 

2(4' + s(o,y,zo(y),po(y),4(y))) 



Let T be a domain in which this solution is defined. Suppose (3.12) holds. 
Then z is a C^-solution of (3.1)-(3.3) in the domain T, and, further, 
Zx — Pi Zy — q, and (3.6) holds. 
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Proof. First let us prove that Ui ^ in the domain T . By (3.21) and 
(3.5), we get 

^0 (l/) + ^(0' 1/' ^o(l/),Po(l/), ^0(1/)) 

Consider (3.16). Subtracting the second equation from the first, and taking 
into account (3.17), we obtain 

{Ux - U2)x + U2{U1 - U2)y = 

= {u, - U2) \2a2 + "-^^ + 

B„ CAp + ACp\ (3.23) 
+ («i + M2) (^/32 + ^ + + 

+ {U2 - Ml) I /Jl H ^^-^ 1 - BpUiU2 + U2yj . 

A solution of (3.16)-(3.20) is defined in the domain T, so on the segment 
[0, x] there exist a solution of the Cauchy problem 

dg , . 
g(x,x,y) ^y. 

If {x,y) G T, then (r, g{T,x,y)) G T for < r < x. Integrating the equa- 
tion (3.23) along the characteristic rj = g{T,x,y) over [0,a;] , we get 

{ui - U2){x,y) = 

= {ui - U2){0,g{0,x,y))x 



CAg-ACg 
2A 

R CA^ + ACA (3-24) 



X exp{ J ^2^2 + 

+ (Ml + M2) [f^2 + ^ + + 

.[^ CCp + AA„\ „ \ 

+ [U2 - Ui) ( /^i H 1 - BpUiU2 + U2y 1 



{r,g{r,x,y)) dr}. 
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From (3.24), taking into account (3.22), we get U\^U2 in T . 
Further, by definition, put 

r{x,y,z,p,q) = A D, 

Ui - U2 

. . Aui + U2 C ^ ^ 

s[x,y,z,p,q)^ — + — , (3.25) 

2 M2 — Ml 2 ^ ' 

t(x,y,z,p,q) = — B. 

Ui - U2 

Therefore, equations (3.19)-(3.20) are 

Px + U2Py = r + U2S, (3.19') 

Qx + uiQy = s + uit. (3.20') 

Taking into account Mi 7^ M2 in T, we obtain equivalence of (3.16) to (3.14)- 
(3.15). Equations (3.14)~(3.15) are 

Ty + r^q + TpS + Tqt = Sj; + SzP + SpT + SqS, (3.14') 
Sy + Szq + SpS + Sqt = tx + tzP + tpT + tqS. (3.15') 

We obtain characteristics of the system (3.18), (3.19') , (3.20') from the 
Cauchy problem 

dgi I X 

d7 = "-^^"'^^^' (3.26) 
9i{x,x,y)^y (i = l,2). 

Integrating (3.18), (3.19'), (3.20') along relevant characteristics over [0,x], 
we get 

PX 

z{x,y) = zo{g2iO,x,y)) + / {p + uiq}{T, g2{T, x,y)) dr, 

Jo 

PX 

pix,y) =po{gi{0;x,y))+ {r + U2s}{t, gi{T, x,y)) dr, (3.27) 

^0 

PX 

q{x,y) ^ z'o{g2{0,x,y))+ / {s + uit}{T, g2{T,x,y)) dr. 

Jo 

Right parts of (3.26) are continuously different iable. Therefore, functions 
gi{T, x, y) {i — 1, 2) are continuously differentiable, and they have continuous 
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secondary derivatives with respect to r, x and with respect to r, y . Also 
for derivatives of Qi with respect to x and with respect to y we have 

Qixir, X, y) + us_i{x, y)g^y{T, x, y) = 0. (3.28) 

Now we find first derivatives of functions p q . Differentiating (3.27), 
taking into account (3.14') — (3.15') , (3.28), integrating by parts, taking into 
account the initial data (3.21), we obtain 

px 

Zy{^^ y) = y)+ {(Py -s) + {s- qx)}iT, Qiir, x, y))g2y{T, x, y) dr, 
Jo 

Zx{x, y) = p(x, y)+ i {{py-s) + {s- qx)}{T, g2{T, x, y))g2x{r, x, y) dr, 
Jo 

Py{x,y) = s{x,y,z{x,y),p{x,y),q{x,y)) + 

+ / {^z{p - Zx) + r^{zy - g) + Sp{r - p^) + rp{py - s)+ 
Jo 

+ Sq{s - q^) + rq{qy - t)}(r, gi{T, x, y))giy{T, x, y) dr, 
Px{x, y) = r{x, y, z{x, y),p{x, y), q{x, y)) + 

+ / {sz{p - Zx) + r^{zy -q) + Sp{r - p^) + rp{py - s)+ 
Jo 

+ Sq{s - q^) + rq{qy - t)}(r, gi^r, x, y))gix{r, x, y) dr, 
Qyix, y) = t{x, y, z{x, y),p{x, y), q{x, y))+ 

+ / {tz{p - Zx) + Sz{zy -q)+ tp{r - Px) + Sp{py - s)+ 

+ tq{s - qx) + Sq{qy - t)}{T, c/2(t, X, y))g2y{r, X, y) dr, 
qx(x,y) = s(x,y,z(x,y),p(x,y),q(x,y))+ 

px 

+ / {tz{p - Zx) + Sz{zy -q)+ tp{r - Px) + Sp{py - s) + 
Jo 

+ tq(s - qx) + Sq(qy - t)}{T, 52(t, X, y))g2x{T, X, y) dr. 

(3.29) 
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By (3.29), we get 



Zy{x,y) = q{x,y), 
Zxix,y) = p{x,y), 

Pyix,y) = qxix,y) = s{x,y,z{x,y),p{x,y),q{x,y)), 
Px{x,y) = r{x,y,z{x,y),p{x,y),q{x,y)), 
qy{x,y) = t{x,y,z{x,y),p{x,y),q{x,y)). 

By (3.25), so that three functions z, p, q are a C^-solution of the system 
(3.10)-(3.11). By Lemma 3.1, so that ^ is a C^-solution of the problem 
(3.1)-(3.3) in the domain T. □ 

Remark. The system (3.16)-(3.20) consists of five equations with respect 
to five unknown functions Ui, U2, z, p, q. If coefficients A, B, C, D of 
the equation (3.1) don't depend on 2;, then equations (3.16), (3.19), (3.20) 
are a closed system of four equations with respect to four unknown functions 
Ml, M2, Pi q- If we know Wi, M2, p, g, then we can find z from (3.18) or 
from the first equation (3.27). 

Let equations (3.16) be a closed system with respect to Mi, U2 ■ Obviously, 
this situation holds iff 

dz dp dq dz dp dq 

(j = 0, . . . , 5) . Here we get Ej, Ij from (3.17). In this case, after finding 
Ml, U2 , one could get functions z, p, q from (3.18)-(3.20) or from (3.11). 



3.5 Final form of the system in Riemann invariants 

The system (3.16) was obtained by D. V. Tunitsky [Tunj . Right parts of this 
system are polynomial, generators are Ui, U2, coefficients contain unknown 
functions p, q. So it isn't easy to formulate conditions on the coefficients. 
We propose another form for the system (3.16). Let generators be unknown 
functions Ui,U2,p,q, and let coefficients be known functions. 
By definition, put 

r = ui, s = U2- (3.31) 

Here r, s are characteristic variables ( [Courj . Supplement 1 to Chapter V, 
§ 2). Also r, s are Riemann invariants and eigenvalues of the system (3.16) 
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(see |RYaj . Chapter 1). We underline that in this context r, s aren't the 
Monge notations for second derivatives from (3.25). Both notations (3.31) 
and (3.25) are traditional. 
The final system is 

{d^ + ^{uj)dy)uj = f^{x,y,r,s,p,q,z), (3.32) 

here lo is an index, uj G {r, s,p, q, z} ; the function ^(cu) is 

^(r) = s, ^(s) = r, ^(p) = s, ^{q) = r, ^{z) = r ; 

functions f^j are 

fr = po + Pir + P2S + pspr + p^qr + p^ps + p^qs + pjr'^ + psrs + p9pr'^+ 

+ pioqr'^ + puprs + puqrs + pnr'^s = fr{p,r, s,p, q), 
fs{a,r,s,p,q) = fr{a,s,r,p, q), 
/p = 7ro + 7riS, fq = Ho + Kir, f^=p + qr] 

vector-functions p, cr, vr, k depend on x, y, z,p,q , 



Po = 










P3 = 




+ A)., 




= -^(C-A). 


P4 = 






0-4 


= -iDz , 


P5 = 




+ A)., 




= 2k(c-A). 


Pa = 






cTe 




P9 = 








= -kB, , 


PlO = 




-A)., 


o-io 


= ik(c + A). 


Pll = 






CTll 




Pl2 = 




-A)., 


Cri2 


= -^(C + A). 


Pl3 = 


-Bp , 




C^13 


= -Bp , 
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Pi = ^{ A, + C, + 2Dy + CDp - DAp - DCp - 2BD^ + \CC^- § AC,+ 



a + 2D,. + CDp - DAp 



P7 



+ ICA 
-^(-A, 



2A 

Wa 



DCp - 2BDg + \CC^ + |ACg+ 

iAA, + ADp), 
C„ + + C5g + BA^ - BCg - 2DBp + \GCp - \ACp- 



^AA„ - Afi 



= 2k (-^?/ + + 25, + + BA, - BC^ - 2DBp + \CCp + \ACp- 

- \CAp + iAAp + AB,) , 

(71 = -^{-A^ + a + 2Dj, + CDp + DAp - DCp - 2BDq + iCC, + |AC,- 

- iCA, + iAAg + ADp) , 

(72 = ^{-A^ + a + 2Dj, + CDp + DAp - DCp - 2BD, + \CC^ - \AC^- 

- \CA, + iAA, - ADp) , 

ar= ^{ Ay + Cy + 2B^ + CB^ - BA, - BC, - 2DBp + \CCp + \ACp-^ 

+ \CAp + iAAp + Afi,) , 
(78 = Ay^Cy^ 25,. + CB^ - BAg " BC, - 2D Bp + \CCp - |ACp+ 

+ \CAp+\AAp-AB^), 

TTo^-D, Ko=i(C + A), 

7ri = i(C + A), Ki = -B. 

Taking into account (3.31), we get initial conditions (3.21) for the system 
(3.32): 

^ OM = iC + A)iO,y,z%y),p%y\z^{y))-2pl{y) 
n^,y) r^y) 2{zly{y) + B{0,y,z'{y),p%y),zl{y))) ' 

- _ {C- A)i0,y,z'^iy)yiy),z'^iy))- 2pliy) (3.32°) 
^ '^^ " " 2(4(y)+S(0,y,.^(y),/(y),.,^(y))) ' 
p(0, y) = pO(y) , g(0, y) = gO(y) = ^(y) , z(0, y) = ^"(y) . 



Let the system (3.32°) be 



A r° + g° , C 
A 



y ^Tr_ ^ 

2° = (7° 



-B, 



(3.32°°) 
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Let r°, s° be initial functions. Therefore we get z^, from (3.32*'°) . If 
coefficients A.B.C.D depend on x, y only, then the system (3.32°°) is 
linear. In general case, the system (3.32°°) is nonlinear. 

If coefficients A,B,C,D of the Monge-Ampere equation depend on x, y 
only, then the equation could be reduced to the system with respect to r, s 

{dx + s dy)r = {r - s) (a^i + ar2 r) , 

(3.33) 

{dx + r dy)s = (r - s) (a^i + 0^2 s) , 

where 

1 1 

Orl = 2A^'^'^y + + ' '^r2 = ~ Cy + Ay) , 

The system (3.33) is a system of the first and the second equations from the 
system (3.32). After getting r, s (from (3.33)) we solve the third, the fourth, 
and the fifth hnear equations (3.32) with respect to p, q, z . By (3.32°°) , 
we get initial functions p°, 5°, 2;° from r°, s° . 



4 Successful approximations 
4.1 Iterative loop 



Let uj(x,y), 00 — r,s,p,q,z, be known functions. Let 

n+l, 
OU (; 

lem 



n+l 

o; {x,y), u — r, s,p,q, z, be a solution of the nonlinear Cauchy prob- 



n+l 



n+l „ , n n n n n 



{d^+ ^ {u;)dy) uj ^ f^{x,y,r,s,P,q,z), ^^^^ 
"a;\o,y) =a;°(y), a; = r, 5, ^. 
The Cauchy problem (4.1) falls into four independent problems. The first 

is a problem for a nonlinear system with respect to r , s . Another are 
three problems for independent linear equations with respect to p, q, z. 
Before solving the nonlinear system we'll get a priori bounds. 
By definition, put 

u;{x,y) =uj'^{y), uj = r,s,p,q,z. (4.2) 
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By (3.32), it follows that the vector-function uj^ is defined by a;, ujy , 

LO = r. s,p,q, z . Suppose the existence of continuous functions uj, Uy, then 
there exists a C^-solution of (3.32), (3.32°) . Proof of the existence of 
continuous vector-functions ui, ujy is a proof of uniform convergence of 
{cu}, {ujy}, CO = r, s,p, q, z. The main part of this proof is uniform bounded- 
ness of {w}, {uJy}. 

4.2 Uniform boundedness 

Suppose vector-functions p,a,7T,K. and functions r°,s°,p°,g° are C^-smooth 
and bounded, z° e C^(M) . 

Consider functions /r, fs as right parts of (3.32). There are two kinds 
of monomials. Some monomials contain generators p, q , another mono- 
mials don't contain generators p, q ■ So we distinguish coefficients p, a 
for the two cases by introducing the next two sets of indexes. By def- 
inition, put = {0, 1, 2, 7, 8, 13} for the first case (no p, q), and put 
Jpq — {3, 4, 5, 6, 9, 10, 11, 12} for the second case (p, q are). 

By definition, put 



Uo 



max sup |ci;°(|/)| = const, 

'^=''.s yeM. 



ai{x) 



sup \aj{x,y,z,p,q)\, 



j ^ Jrs 



a2{x) 



sup |aj(x,y,z,p,g)|. 



(4.3) 



(2/,^,p,g)eIR* 



sup \aj{x,y,z,p,q)\ = const. 



j=o,i 

a 6 {7r,«;} 



Lemma 4.1. Suppose 



IP 






(4.4) 
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Suppose there exists n>0 such that 

\^ {x,y)\<l , 

\u} {x,y)\<l + 2a3\x\, uj=p,q, (4.5) 

\^{x,y)\< max + 2|a;| + 2Q;3a;^, 

te[y-\x\, y+\x\] 

n+l 

for y {x,y) E [0,+oo) x M. Suppose the existence of functions 00 , uj = 
r, s,p, q, z . Then we have the same bounds (4.5) for the number n + 1 . 
Proof. By (4.2), (4.4), we obtain (4.5) for n = 0. Suppose (4.5) holds 

for some number n ; then we shall prove (4.5) for the number n + 1 . 

Consider right parts of the system (3.32). By (2.10), we obtain the 
next estimations. For uj = r,s we have 



'i\x,y)\ <\u;'\ + r\L\dT< 
Jo 

p+oo r+oo r+oo 

<Uo + 6 ai{T)dT + 4: a2{T) \P\ dr + 4: a2{T) \q\ dr < 
Jo Jo Jo 

r+oo r+oo 

<Uo + 6 ai{T)dT + 8 q;2(t)(1 + 2q;3t) < 1 . 
Jo Jo 



For UJ = p,q, a = n, k, we have 

ruj\x,y)\ < + Tl/^l dr < (see (4.3) for a^) 
Jo 

rx rx 

<1+/ (|ao| + |ai|)ciT < 1 + 2q;3 / < 1 + 2q;3 . 
Jo Jo 

For u = z, takmg mto account \r\ < 1, that is 
x,y) e[y-x + T, y + x-T],we have 

1 n n 

\''z {x,y)\<\z^\+ j \P + qr\dT< max \z^{t)\ + 
Jo t&[y-\x\, y+\x\] 

+ f 2(1 + 2q;3t) = max \z^{t)\ + 2\x\ + 2a3x'^ . n 

Jo t(^[y~\'-e\, y+M] 

Corollary. Suppose conditions (4.4) are satisfied; then 

{a;} , u! = r, s,p, q, z are uniformly bounded on the compactum 

G{x,y)^{{x,y)\x e[0,x], y e[y-x + x, y + x - x]} (4.6) 
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for V {x, y) e [0, +00) x R . 

Proof. Consider any point {x, y) G G{x,y) . By |r| < 1, |s| < 1 , so 
that outgoing (from (x, y) ) characteristics are being inside the compactum 
G{x,y) . Therefore, functions w, oo = r, s,p,q, z , are defined on the com- 
pactum G{x,y) . By (4.5), we obtain uniform boundedness. □ 

4.3 Hyperbolicity in the restricted sence 

Let the initial data r°, s° be separated by some constant. More exactly, 
3 5 > such that 

inf r°(|/) -sups°(|/) > 5 > 0. (4.7) 

yeM. yg]g 

Lemma 4.2. Suppose 3e E (0, S] such that 

6/ ai{x)dx + 8 {1 + 2as\x\)a2{x) dx < —— . (4.8) 
J -00 J -00 ^ 

Then for n = 0, 1, 2, . . . 

inf r (x, y) — sup s (x, y) > £ > 0. (4.9) 

{x,y)m? {x,y)&? 

Proof. By (2.10), taking into account (4.3), (4.5), (4.8), we have 

n+1 , 



1+1 / r+°° r+oo 

f {x,y) > inf r°(|/) — ( 6 / ai{x)dx + 8 {1 + 2a3\x\)a2{x) dx 

V ./-oo J-00 



> 



> mir%y) - , 
2/6M ^ 



n+1 / r+oo \ 

s {x,y) < sup s°(|/) + I 6 / ai{x)dx + 8 {1 + 2a3\x\)a2{x) dx \ < 

ym V J-oo i-00 / 

< sups°(|/) + 

J/eK 

Then, by (4.7), 

inf r (x, y) — sup s {x, y) > inf r^{y) — sup s°(y) — (5 — s) > s .O 

(x,y)m^ (a;,2/)GR2 ^^^M 



23 



4.4 Solvability of the iterative system 

Lemma 4.3. There exists a C^-solution of (4.1) on the whole plain. 

n+l n+1 

Proof. Consider the subsystem of two equations with respect to r , s . 
It is weakly nonlinear ( |RYa] . Chapter 1, § 10, Subsection 3). (For (2.8) 
weak nonlinearity is d^i/dui = for all i .) By (4.5), the solution of this 
system is bounded on the whole half-plane. By (4.9), the system is hyper- 
bolic in the restricted sense. By the Rozhdestvensky — Sydorenko theorem 

( [RYaj ■ Chapter 1, § 10, Subsection 3), first derivatives of functions r , 

s aren't infinite at finite x . Therefore, by the corollary of this theorem 
( [RYaj ■ Chapter 1, § 10, Subsection 3), the subsystem of the first and the 
second equations of (4.1) is solvable on the whole (half-)plane, that is, it has 
a global C^-smooth solution. 

Indeed, the problem (4.1) is solvable locally, i.e. in some neighborhood 
of the axis x = . We get this well-known fact, for example, from the ex- 
istence theorem ( |RYa] . Chapter 1, § 8, Subsection 2), taking into account 
Corollary of Lemma 4.1. Consider prolongation of the local solution. By 
the Rozhdestvensky — Sydorenko theorem, a strong break is impossible. (A 
strong break is an infinite first derivative at finite x .) In the proof of this the- 
orem some majorant of the (modulus of the) classical solution is constructed. 
So, before going to infinity, the solution (it is classical yet) must go outside 
the majorant, but it is impossible. 

Further, from studying weak breaks (finite jumps of first derivatives), 
let a solution and its first derivatives be bounded, and let a weak break of a 
hyperbolic quasilinear system be propagating along a characteristic; then the 
weak break can't arise or disappear ( |RYa] . Chapter 1, § 10, Subsection 1). 
We have smooth initial functions, so weak breaks aren't. Thus, there exists 
a C^-smooth solution on the whole half-plane. 

Another three equations of the system (4.1) are linear. Therefore, their 
Cauchy problems (4.1) are C^-solvable on the whole half-plane. □ 

n+l 

Lemma 4.4. Let uj {x,y) be a solution of (4.1). Then for V r G [0,x] 
there exist characteristics of the problem (4.1). 

Proof. By definition, characteristics are solutions of (2.9). For systems 

Ui = fi{T,Ui, . . . ,Un), i = l,...,n 

ar 

we have the next classical Cauchy theorem of the existence and uniqueness. 
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Consider a closed domain 



G = {{t,ui, . . . ,Un)\ |r-r°|<a, \ui - u^^l < b, i = l,...,n.} 

Suppose the next conditions hold in this domain: 
1 ) functions fi are continuous; 



3) functions fi are Lipschitz with respect to ui, . . . , m„ . 

Then for V r such that \t — r°\ < min(a, b/A) there exists a unique solution 

of the system with initial functions Ui{T^) = vP . 

In our case, by uniform estimation (4.5), we have A = 1 . Further, a = x , 
and any big value of b could be chosen. Partial derivatives with respect to 
ui,...,Un are bounded in G, because, by Lemma 4.3, right parts are a 
classical solution of (4.1), so they belong to C^([0, +oo) x R) . Therefore, 
there exist both characteristics for V r G [0, x] . Thus we can integrate along 
characteristics. □ 

5 Derivatives of successful approximations 

The Rozhdestvensky — Sydorenko theorem ( [RYaj . Chapter 1, § 10, Subsec- 
tion 3) was proved for an exact solution of a system of two equations. We 
expand it to successful approximations for a system of five equations with 
two different characteristics. 

When we write {u)^ , we mean that the first operation is getting the n-th 
successful approximation for u , and the second operation is differentiation 
with respect to y . Not conversely. 

Let G{x,y) be a compactum (4.6), W{x,y) G [0, +oo) x M. 

Lemma 5.1. There exists a function $(x) G C*^(]R) such that 



for UJ = r,s,p,q,z , \f{x, y) G G{x, y) , = 0, 1, 2, . . . 

n n n 

Proof. By definition, put 9u;{x,yo) = fl'<^(x, 0, ?/o) • Then Quiix^yo) is a 
solution of the Cauchy problem 



2) m<A; 



\{^)y{x,y)\ < $(x) 



(5.1) 




(5.2) 
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It means that the curve {x, gi^{x,yo)) is a characteristic that goes through 
the point (0, yo) ■ The formula (2.10) is 

"'^^{x, "g^{x, yo)) = uj'^ivo) + / ^(t, "i;^(r, |/o), 0(t, ^^(t, yo))) dr , 

Jo 



where Q = (a;) = (r, s,p, q, z) . By definition, put 

n+l n+1 n+1 

a; (x,7/o) = ^ {x, gu; {x,yo)) . 



(5.3) 



Then for cu — r, s,p, q, z we obtain 

n+1 n+1 n n+1 " n+1 

uj {x, {x, yo)) = uj {yo) + / ^(t, (r, t/o), 0(t, g^; (r, t/o))) c^t • (5.4) 

J 



n+1 

Therefore, lu {x, yo) is a solution of the Cauchy problem 

n+1 n+1 ^ n+1 

dx UJ = U{x, g^ {x, yo), Q{x, g^ {x, yo))) , 

n+1 

u {0,yo) ^ u;°{yo), uj ^ r, s,p,q, z. 
Differentiating (5.3) with respect to yo , we get 



dyj'uj (x, yo) = dj'u (x, y) 



y=''g'u{x,yo) 



dyJg^{x,yo) , 



therefore. 



dy''uj\x,y) = dyj'uj (x,yo)dyJg'J(x,yo) 



Differentiating (5.2) with respect to yo , we get 



/ n \ 71 n 

dx dy^g^{x, yo) = dy^{uj){x, y) dy^g^{x, yo) , 

^ ' y=9uj{x,yo) 



that is 



^xln \dy^9u;{x,yo) j = dyi{uj){x,y) 
and the initial condition 

n 

(5,o^?.)(0,2/o) = l. 



(5.5) 



(5.6) 



(5.7) 



(5.7°) 
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Let v{x, y) e be an arbitrary function. By definition, put 

d \ 

= {dx+ C {^)dy) V . 



Subtracting from 
the equality 

we get 
Transforming, we get 



dx 



[px + r dy) s = fs{x,y,fl) 



n+1 fs{x,y,n)-{^''s^)r 



dy S ^ 



n+1 n+1 

r — s 



n 1 n+1 

n+1 _ Ux,y,n)-fr{x,y,n) , fr{^.y.^)-i±sl 



n+1 n+1 

r — S 



n+1 n+1 

r — s 



n+1. 



n+1. 



n+1 n+1 n+1 n+1 

r — s r — s 

( J /n+1 n+1 

fs[x,y, n) - fr[x,y,n) \dx\ 

n+1 n+1 n+1 n+1 

r — s r — s 



By (5.7), we have 



n+1 n+1 

r — s 



, /n+1 n+1 

^ In I r - s 



dx+ s 



n+1 



In 



dyo 9r {X, yo ) 
n+1 n+1 

r — s 



\ / \ 
fs{x,y,n) - fr{x,y,n) 



y="<h(x,yo) 



n+1 n+1 

r — s 



(5.8) 



y="gr^{x,yQ) 



By (2.10), integrating along a characteristic, and taking into account (5.7°) , 
we get 

fs ~ fr 



n+1 n+1 

dyo Qr [x, yo) = — exp 



n+1 n+1 
f — S 



dr 



(5.9) 
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Functions f^, uj — r,s,p,q,z, are continuously differentiable with respect 

n 

to r,s,p,q, z,x,y , and {Jl} is uniformly bounded. Therefore, there exist a 
constant a such that for cu — r, s,p, q,z, /i — r, s,p, q, z, x, y we have 



|/u;| < a, 



< a. (5.10) 



djj, 

By (4.5), (4.9), (5.10), we get from (5.9) the following estimate: 

< dyj'grix, V) < ip{x) , (5.11) 

where 

'ijj{x) = {2 / e) exp {2ax / e} . 

n+l 

Estimates for dy^ Qs (x, yo) we get analogously. Recall that there are two 
characteristics only, therefore, for uj — r,s,p,q,z ^g^{x,yo) is "^gr{x,yo) or 
Qs {x, yo) ■ Thus, for cu — r,s,p,q,z , n — 1,2,3, . . . we obtain estimates 

^ < dyo''g^{x,yo) < ^(x) . (5.12) 



We don't need an estimation for n — 0. 

Differentiating (5.5) with respect to yo , we get 



ij-=r,s,p,q,z y/x dg^^ a g^ 



(5.13) 



n+l 



dy^ u (0, yo) = ^°(yo) , u ^r,s,p,q,z. 
By definition, put 

Vb = max sup |a;°(|/o)| ■ 
Taking into account (5.13), consider the major ant problem 

^ba^'^ix)V + ailjix), y(0) = K) • (5.14) 

ax 

By linearity, the Cauchy problem (5.14) is solvable on the whole compactum 

G{x, y) . 
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Recall that ip > 1 and right parts of (5.14) are nonnegative. Therefore, 
the initial approximation uj satisfy to 

\dyUj\ < iIj{x) V{x) , UJ = r,s,p,q,z. 

Suppose 

\dyUj\ < ip^x) V{x) , u = r, s,p,q, z. (5.15) 
By (5.10), (5.12), (5.15), we get 

(5.13), (2.10) 



n+1 
9yo ^ 



+ 1 I E 

'0 \fj,=r,s,p,q,z 



n 
9/i 



'Wo 



r.n+1 

oguj 



„n+l 

og. 



'Wo 



dT< (5.16) 



(5.14) 



<Vo+ (5a7/'(r)^(r) V{t) + a7/;(r)) dr = ' V{x) 



From (5.6), by estimates (5.12), (5.16), we get 



n+l , 



dy u {x,y) <^Ij{x)V{x), u = r,s,p,q,z. 



Thus, 



$(x) = ^(x) V{x) . □ 



6 Existence and uniqueness of a solution 

The uniqueness of a solution of the Cauchy problem (3.32), (3.32°) follows 
the uniqueness theorem ( |RYa] . Chapter 1, § 8, Subsection 2). 

In this section, as far as in the Section 2, we consider the Cauchy problem 
for the general system (2.8), (2.8°) with respect to the unknown vector- 
function u = {ui,...,Um)- Suppose successive approximations {u(x,y)} 
and their derivatives {{u)y{x, y)} are uniformly bounded on the compactum 
(4.6) for an arbitrary point {x,y) G [0, +oo) x M. All considerations are 
being made over this compactum. We follow here the standard scheme of 
the proof from |RYaj . Chapter 1, § 8, Subsection 2. Also |Tun-dis] was used. 
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Suppose (p{u) E . By definition, put (p{X) = ip{u + \{u — u)), A G 
By the Newton — Leibniz formula, we have [Tun-disj 



1 f ^ Pi 

PxdX=J + A(m-m))(? 



ip{l)-(p{0) = ip{u)-(p{u) = I (pxdX = / I 2^ — + K'^ - - Uj)\d\. 

Finally, we obtain 



f 

(p{u) = 'S^{uj — Uj) / — — {u + X{u — u)) dX. (6.1) 

6.1 Continuity of the solution 

Lemma 6.1. The vector-function lim u{x,y) is continuous. 

n— >oo 

Proof. A sufficient condition on convergence of a functional sequence to a 
continuous function is given by the classical theorem: elements of a sequence 
must be continuous functions, and the sequence must be uniformly convergent. 
Uniform convergence of the sequence {u} follows uniform convergence of 

oo 

the series u — u){x,y) . 

n=0 

Let u , u he successful approximations. By (4.1), we have 
{dx + ^i{x, y, "'u^)dy)"ul = fi{x, y, u) , 

{dx + ^i{x,y, u )dy)Ui + ^i{x,y,u)Uiy = fi{x,y, u )+^i{x,y, u )Uiy , 
"m\o,?/) = u{0,y) = u^{y) . 

By subtracting, with respect to m — m we get the Cauchy problem 

{dx + Ux,y,''u^)dy)Cui -Ui) = fi{x,y,u) - f,{x,y,\^)- 



n . . n+l n 

-Uiy{^,{x,y, u ) -^,{x,y,u)) 



,n+l , ^ 

{u -m)(0,i/)=0, 



30 



T-> -I \ -1 n+1 n+1 n 

By (6.1), with respect to r — u — u we get 



{dx + ^i{x, y, "'u^)dy) V"/= 



En 



dfi I n-l , n n d$,i , n ^"-+1 ■ 

'x,y, u +Ar) - Uiy — {x,y,u + X r ) ] d\ , 



du 



By (2.10), we get 



n+1 



9/. 



+ u 



dX dr. 



(6.2) 



From (3.32), taking into account C^-boundcdness of vector-functions 
p,a,TT, K and uniform boundedness of {u} , we obtain uniform boundedness 



of 



^f^ 



dui 



have 



duj 



is or 1 , and {uyi} is uniformly bounded, therefore, we 



m „i 



E 



dui 



+ u 



duj 



dX<C , 



where C is some constant. So the left part is uniformly bounded. By 
definition, put 

i?„(x)=max sup |rj(r,2/)|. 

* (t,i/)G[0,x]xR 

Then (6.2) is 

Rn+iix) <C [ Rnir) dr. (6.3) 
Jo 

By recursive applying (6.3), we have 

(Cx)^ (Cx)'^ 
Rn+i(x) < max RAr)- — p— < max Ri(t)- — p— , 

Te[o,x] n\ Te[o,x] ^ ' n\ 

therefore, by the Weierstrass criterion, we obtain uniform convergence 

oo 

( u — u){x,y) in [0, x] xR. Thus lim u{x,y) is continuous in 

n— ►oo 

n=0 

[0, ^] X K. □ 
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6.2 Continuous differentiability of the solution 
Lemma 6.2. The vector-function lim u(x,y) is continuously differentiable. 

n— >oo 

Proof. To prove continuity of lim (u) , we get the Arzela theorem. Uniform 

n— >oo y 

boundedness of {Uy} is proved already. Now we shall prove equicontinuity 

of {Uy}. 

n ^ 

First, we shall prove equicontinuity of {u}, {g} . By (6.1), we have 



1 

n 



u{xi,yi) - u{x2, 1/2) = {xi - X2) / u^{x2 + X{xi - X2), 2/2 + X{yi - I/2)) dX+ 

Jo 

/•I 

+ (2/1 - 2/2) / Uy{x2 + Xixi - 0:2), 2/2 + A(2/i - 2/2)) dX. 
Jo 



Prom (4.1) and from uniform boundedness of {u}, {Uy} , we get uniform 
boundedness of {u^} . Finally, we obtain equicontinuity of {u} . 

n 

By (6.1), with respect to the vector-function 5'(t, x, y) , we have 

n n 

9{T,xi,yi) -^(r, 2:2,2/2) = 

= {xi - X2) / Qxir, X2 + X{xi - X2), 2/2 + X{yi - 2/2)) dX+ 
Jo 

+ {yi - Vt) I 9y{T, X2 + X{xi - X2),y2 + X{yi - 2/2)) ^A. 
Jo 

n n 

Uniform boundedness of {9x]i {9y] follows (2.11) and uniform boundedness 
of (here — 0, d^i/duj is or 1). Therefore, 

n n 

\gi{T,xi,yi) - fl'i(T,X2, 2/2)1 < const {\xi - X2I + \yi - 2/2I), 

n 

i.e. {g} is equicontinuous. 

n+l 

Consider the function Uiy on the compactum G{x, y) : 
uly{x, y) = <(V/(0, X, y))+ 



+ 



[ { -nt + E ^ • Sj;) + f/.. + E ^ ■ «„) I (6.4) 

"iV, X, y),u{T, ""glir, x, 2/))) dr . 
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Here ^iy — , d^i/d^ul is or 1 . {^i}, {fl'} are equicontinuous, therefore 
we have equicontinuity of 

We shall use the Cantor theorem: if a function is continuous on a compactum 
from W , then the function is equicontinuous on this compactum. Taking 
into account uniform boundcdness of {Uy] and the Cantor theorem, we 

obtain equicontinuity of right parts of (6.4), i.e. of {Uy} , on the compactum 
G{x, y) . 

We shall use the Arzela theorem: if a functional sequense is uniformly 
bounded and equicontinuous on a compactum, then there exists a uniformly 
convergent subsequence on the compactum. Therefore, there exists a uni- 
formly convergent subsequence {uy} . By the theorem on termwise differen- 
tiating of a functional sequence, the vector- function lim u(x,y) is continu- 

fe— ♦oo 

ously differentiable with respect to y , and 

dy lim u = lim Uy. (6-5) 

Taking into account the previously proved uniform convergence of {u} , we 
have 

lim u = lim u. (6.6) 

k—*oo n—*oo 

By (6.6), we get from (6.5) the next rule for differentiating the vector-function 
lim u with respect to y : 

n— »oo 

dy lim u — lim Uy. (6.7) 

n — *oo k — ^oo 

Vector-functions ut are continuous, therefore the vector-function dy lim u 

n—*oo 

is continuous. 
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By passage to the limit, we get from (4.1) the next rule for differentiating 
the vector-function lim u{x, y) with respect to x : 

n— >c» 

dx lim Ui{x,y) = fi{x,y, lim u) - ^i{x,y, lim u){dy lim Ui). (6.8) 

n^oo n— >oo n— >oo n— »oo 

By continuity of vector-functions /, ^, lim u, dy lim u , we get continuity 

n— »oo n— >oo 

of the derivative with respect to x . 

Now we proved that lim u(x,y) E C^{G{x,y)) . 

n^oo 

Put the limit function into the Cauchy problem (2.8), (2.8°) . Taking 
into account (6.8), we see that the limit function is a solution of the Cauchy 
problem. 

It remains to note that for V (x, y) e [0, +00) x R we can get some com- 
pactum G{x. y) 3 {x, y) . Consider an intersection of two such compact sets. 
Initial approximations are coincide in the intersection, and they are equal to 
the initial approximation for the half-plane [0, -l-cxo) x M. Therefore, limit 
functions are coincide too, so they are restrictions of the limit function for 
the half-plane [0, +00) x R . 

The Arzela theorem is a pure existence theorem. Note that we use the 
Arzela theorem in the proof, but we don't use this theorem for constructing 
the solution. □ 



7 The main result 

7.1 Theorem of the existence and the uniqueness 

If (4.4), (4.7), (4.8) are satisfied, then there exists a unique C^-solution of 
(3.32), (3.32°) in the half- plane x >0 . It was proved above. Now we formu- 
late conditions on coefficients of the equation (3.1) and on initial functions. 

Under these conditions the inequalities (4.4), (4.7), (4.8) are satisfied. 

Let Mi,M2 be arbitrary positive constants, and let e,S be constants 
under conditions 

0<e<5, {5-€)/2<l; (7.1) 
here ri{x) e C°(M) is an arbitrary nonnegative function. 
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By definition, put 

A^i = max{Mi, iM2(4Mi + QM^)}, 
N2 = M1M2 , 

1 ri{x) . 



(7.2) 



+ 2Mi\x\ 



Suppose 



1) A,B,C,D eC\R^): 

2) z° e C%R), p° e C\Ry, 

3) |a|<Mi, 1/A<M2, 



(9a 



< Mirj{x) , 
B,C,D,A, u 



da 



dz 



< Mifi{x) , 



x,y,p,q; 



(7.3) 



/+00 
r){x) dx <{5-e)/2; 
-00 

5) \r^\,\s^\<l-{6-e)/2, 1^1, < 1 

6) inf r^{y) — sup s°(|/) > S > . 



Theorem 7.1. Under conditions (7.3) tliere exists a unique C'^-smooth 
solution of the Cauchy problem (3.1), (3.3). 

Proof. First, we shall prove that conditions (4.4), (4.7), (4.8) (and con- 
ditions before them in the beginning of Subsection 4.2) follow conditions 
(7.3). 

In conditions (4.4) we suppose C^-smoothness and boundedness of r°, s° . 
Now we shall prove that the condition r'^,s° e follows (7.3). Prom the 
first and the second equations of (3.32°) , we have 



A{0,y,z%y),p\y),z^y{y)) 
4,(1/) + 5(0, 2/, ^0(1/), /(!/), ^0(1/))' 



hence. 



or^^nrn o/ x O/ x O/ A(0, |/, ^"(|/),/(|/), ^(i/)) 
^yyiy) + B{0, y, z{y),p (y), Zy{y)) = ^o(^) _ gO(^) 
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Therefore, by (7.3), point 6), and by the condition 1/A < M2 from (7.3), 
point 3), we get 

z'yyiy) + B{0,y,z%y),p\y),zl{y)) ^ 0. 

Then, by (3.32°) and by (7.3), points 1), 2), we get r°,s° e By 
(7.3), point 5), we have boundedness of r°, s° . 

The conditions (4.4) are formulated under assumptions of C^-smoothness 
and boundedness of p°, q° . By (3.32°) , we have ?° = ^ ■ i^-^)^ P°i"* 2), 
we get C-'^-smoothness of p°, 5° . By (7.3), point 5), we have boundedness of 
p°, g° . 

Further, the conditions (4.4) are formulated under assumptions of 
C^-smoothness and boundedness of vector-functions p,a,7i,K.. By (3.32), 
these vector-functions depend on 1/A and on first derivatives of B,C,D,A. 
By (7.3), point 3), 1/A is bounded away from zero by some positive con- 
stant. Then, by (7.3), point 1), from C^-smoothness of A, B,C, D , we have 
C^-smoothncss of vector-functions p,a,7r,K. By (7.3), point 3), we have 
boundedness of vector-functions p, a,7i, n . 

By (7.3), point 3), we obtain 

\Pi\, Wi\ < MiT], i = 0, 13; 
|p*|,|f^*| < iM2(4Mi + 9M2)r/, t = 1,2,7,8; 
\p^\,\ai\ < MiM2fi, i = 3,4,5,6,9,10,11,12; 
\TTi\, < Ml , i = 0, 1; 

Hence, by (4.3), (7.2), we have 

ai{x) < max{Mi, |M2(4Mi + 9Mf)}ri{x) = N^rjix) , 

a2{x) < MiM2fi{x) = N2fi{x) , (7.4) 

as < Ml . 

Then, by points 4), 5) of (7.3), we satisfy the second inequality (4.4): 

/ + OO f+OC 
ai{x) dx + 8 {1 + 2a3|x|) 0:2(2^) dx < 
00 J —00 

/+00 
r}{x) dx<{l-{5- e)/2) + (5 - e)/2 = 1 . 
■00 
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The first inequality (4.4) follows (7.3), point 5). (4.7) is (7.3), point 6). 
Taking into account (7.2) and (7.4), wc sec that (4.8) is (7.3), point 4). 

Thus, (4.4), (4.7), (4.8) follows (7.3). By (4.4), (4.7), (4.8), there exists 
a unique C^-solution of (3.32), (3.32°) in the half-plane x >0. 

In the half-plane x < a, solution is constructed analogously. By the 
same initial functions, we obtain C^-smoothness of a solution on the whole 
plain. 

By 1/A < M2 (it is (7.3), point 3)), we have A > 0. By Theorem 3.2, it is 
sufficient for corresponding a C^-solution of (3.32), (3.32°) to a C'^-solution 
of (3.1), (3.3). □ 

Example 7.1. Conditions (7.3) define nonempty 

set of coefficients and initial data. Indeed, we take 

A = 1/16, B = l/2, C = 0, D = 0, z° = 1, p° = l. Then, by (3.2), 
we have = 4A, so A = 1/2. (3.32°) is r°,s° = (C± A)/25, therefore, 
r°, s° = ±1/8. Thus, constants Mi = 1/2, M2 = 2 , 5 = 1/4, £ = 1/4 
and functions r]{x)—0, fj{x) — satisfy (7.3). Constants A^i, N2 are 
defined by (7.2). □ 

Example 7.2. Equations with constant coefficients. (3.32) is reduced to 
its independent subsystem (3.33): 

{dj, + sdy)r ^0, 
{d^ + rdy)s^O. 

For this system conditions (7.3) are conditions on initial functions r°, s° . We 
get r, s by solving this Cauchy problem, and then we solve linear equations 
(3.32) with respect to p, g, z . By (3.32°°) , initial functions p°, z° are 
functions of r°, s° . □ 

7.2 Initial conditions 

We set some sufficient conditions such that conditions on initial functions in 
(7.3) are satisfied. 
Let 

mi > 0, m2> 0, Li > 0, L2 > 0, L3 > 
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be arbitrary constants. By definition, put constants 



Li - mi V- ^-3^ 2U> ^ 2Li ' 

_ mi(2 + L3) m2 ,x 

""4- Li-mi +2(Li-mi)' 



2M2L2 ' 

where M2 is the constant from (7.3), point 3). 
Suppose 

1) e C3(M), / G C\R) ; 6) |C| < ms ; 

2) |^°|<1, b°|<l; 7) ^^<L^; 

3) l4J<mi, b°|<mi; 8) L3 + mg < 1 - ^ ; (7-6) 

4) 0<Li<5<L2; 9) L4-m4>5/2>0. 

5) Li — mi > ; 

Theorem 7.2. Suppose coefficients A, B, C, D of the equation (3.1) 
satisfy (7.3), and, moreover, conditions (7.6) are satisfied. Then 2;°, p° , and 
functions r*', s° as functions of 2;°, p° (see (3.32°) ) satisfy (7.3). 

Proof. (7.3), point 2) foiiows (7.6), point 1). (7.3), point 5) for functions 
is (7.6), point 2). 

Now we shall prove that for r°, s° the condition (7.3), point 5) is satisfied. 
We have 

C±A-2p° C±A_ (C±A)^-2p°^-(C±A)(4 + ^) _ 
2(4. + B) 2B~- 2(4 +S)S " 



-2p0i? - (C ± A)4 _ p° (C ± A)z: 





2/y 



2(4^ + 5)5 + B 2(4^ + 5)5' 

therefore, 

C±A-2pg _ C±A (g±A)4 

2(4, + 5) 2S + S 2(4, + S)S 



(7.7) 
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By definition, put the index uj — r,s. By (3.32'^) , (7.7), we get 



C ± A - 2p0 



2(^1 + B) 



^ \C\ + |A| ^ 



IP. 



(7.6), p^3)-6) |A| +m2 ^ 



2\B\ 
1 



(|C| + |A|)I4 



+ 



< 



2Li Li — mi 
mi 



mi + 



mi(|A| + m2)\ 



m^^ 

2Li 2Li Li — mi 

<L3 + ^+ 

2Li Li — mi 



1 . M . 

2Li 2Li 



2Li 



(7.6), p. 7) 
< 



V 



1 ^ r ^ \ (7.5) (7.6) p. 8) 5 

2^ J = 1/3 + ^3 < 1 



Now we shall prove that (7.3), point 6) is satisfied. We have 

C ± A - 2pO ±A _ (C ± A)S - 2plB - (±A)(4 + B) 



2(^0 + S) 2S 



CB - 2plB - {±^)zl 



yy 



2{zly + B)B 
C - 2pl (±A) 



yy 



2{zl^ + B)B 



therefore. 



C ± A - 2p0 ±A 



2(S% + ^) 
(±A) 



2B 



yy 



B 



yy 



C-2p' 



, B) 2B 2B zl + B 2{zl + B) 
By definition, put the index oj — r,s . By (3.32°) , (7.8), we get 



C ± A - 2pO 



2(4. + B) 



> 



> inf 



±A 




±A 


2B 


— sup 


2B 



yy 



yy 



sup 



C-2p' 



2(4. + ^) 



(7.3), p. 3) 1 1 

> — ■ sup 

Ma 2L2 



(7.6), p.3),5),7) 1 
> 



(7.6), p. 4) 
> 



> 



> La 



M2 2L2 
(7.6), p. 9) 

m4 > 5/2 >0. 



±A 


z^ 
yy 


— sup 


C- 


2P^ 


2B 


^'yy + B 


2(4a 


+ 5) 


L3 • 


mi 


1112 + 


Inii 


:7.5) 
> 


Li 


— mi 


2(Li- 


mi) 
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The sign of is defined by its principal part ±A/2B, hence, r° and s° 
have different signs. Moreover, from B > ((7.6), point 4)) and from A > 
((7.3), point 3)), we get r° > 0, s° < . Then, from the proved estimate 
> 5/2 , we obtain inf r°(?/) — sup s^{y) > 5 > . □ 

Example 7.3. Conditions (7.6) are satisfied by coefficients and initial 
functions of Example 7.1. In this case, we have M2 = 2 , rrii = , Lj = 1/2 , 
i = 1,2,3,4. Setting small perturbations of coefficients and of initial func- 
tions from Example 7.1, we obtain an example of an equation with noncon- 
stant coefficients, dependent on x,y, z, z^, Zy , and with nonconstant initial 
functions. □ 

8 Supplement. Contact approach 

8.1 A contact transformation can transform a classical 
solution into a solution which is singular at each 
point 

Consider the next example. The author is grateful to V. V. Lychagin |Ly75| , 
|Ly79 ] and to L. V. Zilbergleit for acquainting foundations on this theme. 

Example 8.1. Consider the J^(M^) space with coordinates x,y, z,p,q . 
Here x, y mean independent variables, z means an unknown function 
z{x,y) , and p,q mean first derivatives Zx,Zy respectively. There exists the 
A2ji(M2) space over J\R^) . 

Assuming p = fx , Q = fy , where f{x, y) is some function over , we 
have 

dx A dq + dy A dp = dx A d{fy) + dy A d{fx) = dx A {fxy dx + fyy dy) + 
+dy A {fxx dx + fxy dy) = f^y dx Adx + fyy dx Ady + f^^ dy A dx+ 
+fxy dy Ady = fyy dx A dy - /^^ dx A dy = {fyy - f^^) dx A dy 

and 

dpAdq + dxAdy = d{fx) A d{fy) + dx Ady = (/^^. dx + f^y dy) A {f^y dx+ 
+fyy dy) + dx Ady = f^xfxy dx Adx + f^xfyy dx A dy + fxyfxy dy A dx+ 
+fxyfyy dy A dy + dx A dy = {f^^fyy - (fxy)'^) dx A dy + dx A dy = 
= (hess f + 1) dx Ady . 
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The next formulae for exterior forms |Bourj were used: 

Ui A {UJ2 + UJ3) = Ui A UJ2 + UJi A LU^ , 

auJi A UJ2 = /\ Ci^2 = 0.(^^1 A UJ2) ; 
uj A u = , 

where u, ui, U2, c^s are exterior forms, a is a constant. 
Therefore, to each form 

dx Adq + dy A dp 
from A^J^(M^) we assign the form 

ifyy - fxx) dx A dy 
from A^(]R^) , or a hnear wave equation, and to each form 

dp A dq + dx A dy 

from A^J^(R^) we assign the form 

(hess f + 1) dx Ady 

from A^(M^) , or a simple Monge-Ampere equation. 
Consider the Ampere transformation 

X = —p, y = y, z = z—px, p = X, q = q- 

It is a contact transformation, i.e. it conserves the form dz — pdx — qdy . 
Namely, 

dz — pdx — qdy = d{z — px) — x d{—p) — qdy = 
= dz — dp X — p dx + X dp — q dy = dz — p dx — q dy . 

The Ampere transformation takes the Monge-Ampere equation hess z = —1 
to the linear wave equation z^x ~ ^yy = ^ 1 because 

dpAdq + dxAdy = dx Adq + d{—p) Ady = dx Adq — dp Ady = dxAdq + dy Adp . 

The Ampere transformation takes the classical solution z = xy of the equa- 
tion hess 2; = —1, which is a 2-dimensional integral variety {u,v,uv,v,u) , 
to the integral variety (— f , v, 0, u, u) , which is a multivalued solution of the 
wave equation Zxx ~ ^yy = ^ ■ The projecting map from to = (x, y) 
takes the 2-dimensional integral variety (— v,v,0,m, to the 1-dimensional 
line (— f , v) , which isn't a 2-dimensional domain. So the 2-dimensional in- 
tegral variety (— 0,m,m) at any its point couldn't be used as a classical 
solution of the wave equation. □ 
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yjlK 517.957 

K). H. BpaTKOB 
rHnep6ojiHHecKoe ypaBHeHne MoH:a<;a-AMnepa: KjiaccHnecKHe 
pemeHHa na bcgh hjiockocth 

AHHOTaii;Hii 

Ha njiocKOCTH M? = {x,y) paccMaTpHsaeTCH sa^ana Komn ^jih th- 
nep6ojiHHecKoro ypaBnenHH MoHHca-AMnepa 

A + Bzxx + Czxy + Dzyy + hess 2 = 0, 
z(0,y) =zO(y), z,(0,y) =pO(y), yGM. 

Sflecb hess z = ZxxZyy — z'^y , KoscJjcJjHi^HeHTbi A,B,C,D saBHCHT ot 
x,y, z, Zx, Zy . YpaBHeHHe rHnep6ojiHHHO, ecjin — ABD + A A > . 
OopMyjinpyiOTCH floCTaTOHHtie ycjiOBHH cymecTBOBaHHH (e^HHCTBeH- 
Horo) C^-pemeHHH na Bcefi hjiockocth. 
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5 IIpoHSBO^Hbie npH6jiH:a<;eHHbix pemeHHH 



CymecTBOBaHHe h e^HHCTBGHHOCTi. pemeHHa |31 
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6.1 HenpepbiBHOCTb pemenHH 

6.2 HenpepbiBHaa flH(J)(J)epeHii;HpyeMOCTb pemenHa 



OcHOBHoii pesyjiBTaT |36 

7.1 Teopeivia cymecTBOBaHna h e;i;HHCTBeHHOCTH 36 

7.2 HanajibKbie flannbie l39 



npHjio:aceHHe. KoHTaKTHBiii no^xo^ |42 

8.1 KoHTaKTHoe npeoSpaaoBaHne mokgt nepeBO^HTb KjiaccHne- 



CKoe pemeHHe b pemenHe, ocoSoe b KajK^OH to^kg \42 



1 BBe;],eHHe 

3Ta H3BecTHaa aa^a^a Sbijia nocTaBjiena aBTopy E. B. IIlHKHHbiM. IlepBaa 
ny6jiHKan,Ha c^ejiana b |Bp| (nojiy^eno pe^aKitneii b (J)eBpajie 1998). Abtop 
Gjiaro^apen /J. B. TyHHn,KOMy, oGnapyacHBineMy BecbMa TOHKyio (nenpHH- 
ii;HnHajibHyio) omnGKy. HnjKe ny6jiHKyeTca nojiHbiii tgkct HcnpaBJieHHoro 
;i;0Ka3aTejibCTBa: saMeneH MeTOfl nocjie;i;oBaTejibHbix npnGjiHJKeHHH. 3Ta aa- 
Mena na peayjibTaT ne BjinaeT. Hojibayacb cjiy^aeM, aBTop pacmnpHji h ^o- 
nojiHHji peayjibTaT. 

HcnojibsyeTca CBe^eHHe k CHCTeMe naTH ypaBHeHafi b pHManoBbix hh- 
BapnaHTax |TyH| . Teopna rHnepSojinnecKHX CHCTeM Becbivia nonyjiapna ji^Jisi 
cjiynaa, Korfla coScTBeHHbie SHaneHHa CHCTeivibi OT;i;ejiHMbi (nanpHiviep, paa- 
^ejienbi KOHCTanTaMH) . B cjiynae ypaBneHaa MoH>Ka-AMnepa coScTBenHbie 
ana^eHHa coBna^aiOT c pemeHaeM CHCTeMbi, T.e. ohh HeasBecTHbi h hx Tpe- 
6yeTca naaTH. 

CyTb npo6jieMbi c(J)opMyjiHpoBaji b hphhctohckhx jieKii;Hax (1953) 
>K. Jlepe ( |JIepe| , rji. IX): "y;i;aeTca flOKasaTb TOJibKO AOKaAtrnjio meopeMy 
cymecmeoeaHUM . . . Ona noKasbiBaeT, hto j^Jisi rHnepSojinnecKHX ypaBHenHH 
cymecTBOBaHHe pemenHii b n,ejiOM saBHCHT ot nojiyneHHa anpuopnux oii,eHOK 

flJia HX npOH3BOflHbIx". 

HocTpoeHHe KJiaccHnecKHx pemeHHii na bcgh hjiockocth — ocoSbiii bh^i; 
cnopTa. EcjiH b aa^aHHOH oSjiacTH pemeHne HivieeT oco5eHHOCTH, to hx aaivie- 
HOH HepeivieHHbix mojkho BbiBecTH 3a npe;i;ejibi oSjiacTH. K STOiviy CBo;i;aTca 
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MHorHe paSoTbi. Ho ecjiH sa^aHHaa o6jiacTb — bch njiocKOCTb, to BbiBO^HTb 
CHHryjiflpnocTH neKy^a. Mbi nojiynaeivi KanecTBeHHO Hnyio aa^a^y. 

Eine B. PHMan noKaaaji, mto neKaa KOHKpeTHaa rnnepSojiH^ecKaa ch- 
CTeivia |5Ih| peryjiapnbix pemeHHH na Bceii hjiockocth ne HivieeT. Kjiacc cjia6o 

HejIHHeHHblX CHCTeM 

{dx + ^i{u2)dy) ui = 0, 

(dx + ^2iui)dy) U2 = 

(HMeeTca b BH^y d^i/dui = 0, i = 1, 2 ) KaK chctgm, hmgioiuhx peryjiapHbie 
pemeHHa na bcgh hjiockocth, bbgji b 1955 r. H. H. 5lHeHK0 |5Ih| . PaccMOT- 
peHHe CHCTeM ;i;Byx ypaBneHHH b HHBapnaHTax c HCHyjieBOH npaBoii nacTbio 
6bijio npoBe^eno b 1967 r. B. Jl. Po^K^ecTBencKHM h A. J\. Cn^opeHKO ([EH 



rji. 1, § 10, n. 3). rioflxoflamHM OKaaajica Kjiacc (cjia6o HejiHHCHHbix) chctcm, 
rHnep6ojiHHecKHx b ysKOM CMbicjie, T.e. chctcm c OT^ejiHMbiMH coGcTBennbi- 
MH 3HaHeHHaMH. TaKHM o6pa30M, Tcopeivia PojK;i;ecTBeHCKoro-CH;i;opeHKO ne- 
peBo;i;HT npoSjieiviy anpnopHoii oii;eHKH npoHSBOflHbix b npoSjieMy anpnopHofi 

On,eHKH OT^ejIHMOCTH CoScTBCKHblX 3Ha^eHHH ( ^1 7^ ^2 Ha BCCH HJIOCKOCTh). 

ripHBe^eM npHMcp. FHnepSojiHHecKoe ypaBHCHHe MoH>Ka-AMnepa c ko- 

3(J)(J)Hn,HeHTaMH, SaBHCamHMH TOJIbKO OT X, ?/ , CBO^HTCa K CHCTCMC 

{dx + U2dy) ui = (ui - U2) ai(x, y, ui), 
{dx + uidy) U2 = (ui - U2) a2ix, y, U2). 
BbiMTCM H3 nepBoro ypaBHCHHa BTopoe, pasflejiHM na U1—U2 h, HHTerpnpya 

B;i;OJIb XapaKTCpHCTHKH, nOJiyHHM paBCHCTBO 



(ui - U2){x,y) 



- ul{y)) exp 1^ (ai - as - U2y) dr 



Ha Hero cjie;i;yeT, hto ccjih Ui{y) 7^ U2{y) flJia V y G M, a Ui, U2, U2y ne 
yxoflaT B 5ecK0HeHH0CTb hh b KaKofi KoneHHoii tohkc, to Mi — M2 7^ b jiio- 
5oH KoneHHOii tohkc. HonpocTy roBopa, 3;i;ecb mm hmccm SKBHBajienTHOCTb 
anpHopHbix on,eHOK ^jia npoH3BOflHbix h ^jia Ui, U2, Ui — U2 , r^e ycjiOBHe 

Ui — U2 ^ — 3T0 yCJIOBHC ^1 7^ ^2 • 

Ho^xo^ aBTopa: aBTop bojigbbim oSpaaoM aa^aeT anpHopnyio on,eHKy ^jia 
Ml, M2, Ui — U2 . MbiniJieHHe b btom nanpaBJienHH Smjio SjiOKHpoBano. 

YnoManeM paSoTbi Han-IIIeH Xona (Jia-Xing Hong) |Xoh-93| . |Xoh-95| . 
o KOTopbix aBTop ysnaji b 2002 r. b HcKHne. CTaTbio |Xoh-95 o rjioSajibHbix 
KjiaccH^ecKHx pemcHHax ypaBHCHHa 

hess z = —k'^(x, y) 
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aBTop He CMor noHHTb, a CTaTbio |XoH-93j . KOTopyio mo>kho paccMaTpHBaTb, 
B ^acTHOCTH, KaK pemeHHe ypaBneHHa 

hessz = -k'^{x,y){l + zl + ZyY, 

He CMor flocTaTb. 

2 CHCTeMbi B pHMaHOBbix HHBapnaHTax 
2.1 OflHO MOflejibHoe ypaBHeHHe 

HycTb HMeeTca HjiocKOCTb ]R^ = (a;,|/), h nycTb u{x,y) — HensBecTHaa 
4)yHKn,Ha. PaccMOTpHM na npHMepe ypaBneHHa 

{d^ + ^{x,y)dy)u{x,y) = f{x,y) (2.1) 

ocHOBHbie HOHaTHa xapaKTepHCTHKH H HHTerpnpoBaHHa B;i;ojib xapaKTepn- 
CTHKH ([PHI, rji. 1). nycTb ^Je C\R^). 

Onpe^ejieHHe. KpnBaa na hjiockocth {x,y), aa^aBaeiviaa ypaBnenHaMH 

x = T, y = g{T,x,y), 

r^e 4)yHKn,Ha g(T,x,y) — pemeHne sa^aHH Komn 

drQ = ^{T,g{T,x,y)), 
g{x,x,y) = y, 

HasbiBaeTca xapaKmepucmuKou ypaBnenmii (2.1). 
JleMMa 2.1. 

{d, + ^dy)g = 0. (2.3) 
^OKaaaTejibCTBO. HpeflHOJiOKHM, hto (J)yHKn,HH gx, gy cyntecTByioT, h 



HaiifleM hx aBHbiii bh^, cjie^ya [TXoa]. npoflH4)4)epeHn,HpyeM cooTHomeHHe 
(2.2) HO X : 

drd.,g={di/dg){T,g)dxg. (2.4) 

riojiynaeM jiHHeflHoe oSbiKHOBeHHoe ;i;H4)4)epeHn;HajibHoe ypaBHenne othoch- 
TejibHO dxg. HanajibHoe ycjiOBne ^Jia nero HOJiynaeM flH(J)(J)epeHn,HpoBaHHeM 
HaHajibHoro ycjiOBHa (2.2) : 

dx9ix,x,y) = 0, 



4 



drgir, X, y) 1^^^ + d^g{T, x, y) \^^^ = 0, 
OTKy;],a, c y^GTOM (2.2), 

d,g{T,x,y)l^^ = -ax,y). (2.40) 
Pemaa 3a;i;aHy Komn (2.4), (2.4°) , nojiynaeM: 



dxg{r, X, y) = -^(x, y) exp M — (t, ^(t, x, y)) 
AnajiornHHO, pemaa aa^a^y KoniH ^jia (^jHKimm dyg 



(2.5) 



drdyg = ^{T,g)dyg 
dygir,x,y)\r=x = 1, 



HMeeM 



dyg{T,x,y) =exp!^j ^{t, g{t,x,y)) dt^ . (2.6) 

H3 (i)opMyji (2.5), (2.6) cjie^yeT (2.3). □ 

IlocTaBHM j^jisi ypaBHenna (2.1) aa^any Komn, 3a;i;aB HanajibHoe ycjiOBne 
Ha OCH Oy : 

uiO,y)=u%y), (2.1°) 

r^e M° e C\R'^). 

Safla^a (2.1), (2.1°) KoppeKraa |P5I| . Byp^eu pemaTb ee b nojiynjioc- 
KOCTH X > (nocTpoGHHe pemeHHfl b nojiynjiocKOCTH x < npoBOflHTca 
aHajiorHHHo) . 

JleMMa 2.2. PemenHe sa^aMH (2.1), (2.1°) saflaeTca (|)opMyjiOH 

u{x,y) = u°{g{0,x,y)) + f{T,g{T,x,y))dT. (2.7) 

^0 

^OKasaTejibCTBO. YcjiOBHe (2.1°) BbinojineHo: 

u{0,y)=u"{g{0,0,y)) = u%y) 

B CHJiy HaMajibHoro ycjiOBHa (2.2). Ilpn ;i;H4)4)epeHii;HpoBaHHH cooTHomeHna 
(2.7) BOcnojibsyeMca (|)opMyjiOH ^Jia flH(J)(J)epeHn,HpoBaHHa HHTerpajia, aaBH- 
camero ot napaivieTpa: 



PX fX 

dx i (p{T,x)dT = dx 
Jo Jo 



ipij, x)dT + V9(x, x). 



HMeeM: 

(5x + idy) u = u^tit)\t=g(^o^^^y) (9^ + idy) ^(0, x, y)+ 
+ J -g^ir, g{r, x, y)) {d.^ + ^dy) g{T, x, y)dr + /(x, g{x, x, y)). 
Ha jieMMbi 2.1 h HanajibHoro ycjiOBHH (2.2) cjie^yeT, ^to 

{d^ + ^dy)u{x,y) = f{x,y). □ 

npon,e;i,ypa nojiyneHHa pemenHa 3a;],a^H (2.1), (2.1°) npn noMomn 4)op- 
Myjibi (2.7) HasbiBaeTCfl UHmespupoeanueM ypaenenuM (2.1) edojih xapaKme- 
pucmuKU. 

2.2 CncTeMa b pHManoBbix HHBapnaHTax 

PasBHTaa Bbime Teopna paSoTaex h b Sojiee o6iii;eM cjiynae. HycTb HMeiOTca 

BeKTOp-(|)yHKn,HH 

u,{x,y)eC\R^), 



u = 


(mi, . 


• • ) Urn) ) 


Ui 


e = 


(el,. 


• • ; ^m) 5 


^^ 


/ = 


(/l,. 


• • ) /m)? 


h 



l,...,m. 



Onpe^ejienne. CncTeMa BH^a 

{d^ + ii{x,y,u)dy)ui{x,y) = fi{x,y,u), z = l,...,m, (2.8) 

HasbiBaeTca cucmeMou e puManoeux UHeapuanmax |P5I| . 

IlocTaBHM fljia CHCTeMbi (2.8) aa^any Komn, sa^aB na och Oy HanajibKbie 
ycjiOBHa 

u{Q,y) = u\y), (2.8°) 

Tfi^e = {ul . . . , O, u^ = u^{y) eC\R), z = 1, . . . , m. 
Onpe^ejieHHe. KpHBaa Ha njiocKOCTH {x,y), sa^aBaeiviaa ypaBHenHaMH 

x = r, y = gi{T,x,y), 

r^e (|)yHKn,Ha gi{T,x,y) — pemenHe aa^a^H KoniH 

dr9i = ^r, gi{T, x, y),u{T, x, y)), 
9i{x,x,y} = y, 
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HasbiBaeTca i-u xapanmepucmuKou CHCTeMbi (2.8). 

JleMMa 2.3. i-a KOMnoneHTa pemenHa aa^anH (2.8), (2.8°) MOJKeT 6biTb 
npeflCTaBJiena KaK peayjibTaT HHTerpnpoBaHHa i-TO ypaBHeHna CHCTeMbi 
BflOJib z-ii xapaKTepHCTHKH, i = 1, . . . , m : 

Ui{x,y) = u'^i{gi{0,x,y)) + / fi{T, gi{T, x,y),u{T, gi{T, x,y))) dr. (2.10) 



^OKaaaTejibCTBO. npe;],nojio>KHM, hto pemenHe u{x,y) saf^anm (2.8), 
(2.8*^) HSBecTHO. HoflCTaBjifla ero b (2.8), y5e>KflaeMCH b tom, ^to Ka>Kfloe 
ypaBHCHHe CHCTeMbi HMeeT bh^ (2-1), Tax KaK mo>kho CHHTaTb, hto 

^i{x,y,u{x,y)) = ^{x,y), fi{x,y,u{x,y)) = f{x,y), i = l,...,m. 

HoBTOMy fl,jisi ypaBHeHHH 

{d^ + fi(x, y)dy) Ui{x, y) = fi{x, y), i = 1, . . . , m, 

cnpaBe^jiHBbi jieMMbi 2.1 h 2.2, npn btom pabencTBa, anajiorHHRbie (2.5) h 
(2.6), aanncbiBaiOTca b bh^g 



d^gi{T,x,y)=-^i{x,y,u)i 



J r . ,v-™ d^i duj 



{t,gi{t,x,y))dt 



dyg,{T, X, y) = exp 1^ + J^^i^W 



d^i duj 



(2.11) 



{t,gi{t,x,y))dt 



a paBGHCTBO (2.7) HMeeT bh;i; (2.10). □ 

OopMyjia (2.10) HcnojibsyeTCH npn Hsy^enHH cbohctb pemenHH. Ona pe- 
KypcHBHa H nosTOMy ne ^aeT pemenHe aa^a^H (2.8), (2.8*^) b hbhom BH^e. 
IlocTpoeHHe pemeHHH mojkho npoBOflHTb MeTO^OM HOCJie^OBaTejibHbix npn- 

SjIHJKeHHH. 



3 CncTeMbi b pHMaHOBbix HHBapnaHTax h 
ypaBHenna MoH:aca-AMnepa rnnepSojiMMe- 
CKoro THna 

3flecb Mbi cjie^yeM CTaTbe TyHHn,Koro |TyH| , Bome^meH b |TyH-^Hc| . Bea- 
ycjiOBHO, o TOM, HTO rHnepSojiHHecKoe ypaBnenHe MoHJKa-AMnepa mojkho 
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CBecTH K CHCTCMe nsTH ypaBHeHHH nepBoro nopfl^Ka, HSBecTHO ^aBHO ( |Kyp| , 

npHJIO>K. 1 K rjl. V, § 2), H ^TO 3Ta CHCTeMa CBOflHMa K CHCTeMe B pHMaHOBblX 

HHBapnaHTax, TaKace Smjio nsBecTHO (b |Kyp| CHCTeivia ne b HHBapnaHTax) . 
y TyHHii;Koro CHCTeivia b HHBapnaHTax BbinHcana b jibhom bh^g, h en mojkho 
nojibSOBaTbca. 

3.1 Sa^ana Komn fljia ypaBHeHna MoH:aca— Aivinepa 

Ha njiocKOCTH = (x, y) Sy^eivi pacciviaTpHBaTb ypaBneHne MoHJKa- 
AMnepa OTHOCHTejibHO HenaBecTHOH 4)yHKii;HH z = z{x,y) 

A + Bzxx + Czxy + Dzyy + E hess z = 

Tji^e hess z = z^xZyy — z^y, A, B, C,D,E — (|)yHKii;HH, saBHcamne ot x,y,z , 
Zx, Zy ; E ^ . TaK KaK ^ejieHHeivi na E Bcer^a mojkho ^oSnTbca Toro, hto 
= 1 , TO 5e3 orpaHH^eHHfl o6iu,hocth 5yfleM paccMaTpHBaTb ypaBHenne 

A + Bzxx + Czxy + Dzyy + hess z = (3.1) 

B flajibHennieM Sy^eivi c^TaTb, hto A,B,C,D G C^(M^) . 

ripeflnojiojKHM, HTO z{x, y) — ;i;BajK;i;bi nenpepbiBHO flH(J)(J)epeHii;HpyeMoe 
pemeHHe ypaBHenHa (3.1). By^eM roBopHTb, hto ypaBHenne (3.1) rnnepSo- 
jiHHHO na pemeHHH z{x,y) ( |Kyp| , npnji. 1 k rji. 5, § 2), ecjiH 

A\x, y, z{x, y), Zx{x, y), Zy{x, y)) = - ABD + AAE > 0. (3.2) 

y Hac 3;i;ecb Bcer^a Sy^eT E = 1 . HocKOJibKy > , nojiojKHM TaKJKe 
A > . /Jjia ypaBHeHHH (3.1) na och Oy HOCTaBHM aa^any Komn 

z{0, y) = zo{y), Zx{0, y) = Po{y); (3.3) 

3flecb zq G C'^(M^) , a J9o G C^(M^) . npe;],HOJio>KHM, hto ^jisi nanajibBbix ana- 
HeHHH zq h pq BbinojineHbi ^Ba ycjiOBHH. Bo-nepBbix, ocb Oy CBoSo^na, to 
ecTb 

z;,iy) + BiO,y,zoiy),Poiy),z,iy))^0. (3.4) 
Bo-BTopbix, na och op;i;HHaT BbinojiHeno ycjiOBne rnnepSojinHHOCTH (3.2) 

A2(0,y,Zo(2/),Po(2/),4(?/)) >0. (3.5) 
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ITojiHafl 4)opMyjiHpoBKa aa^a^H Komn ^jia ypaBHenHH MoHJKa-AMnepa 6y- 
jifiT cjie^yiomeH. TpeSyeTca naiiTH TpH>Kflbi nenpepbiBHO flH4)4)epeHn,Hpy- 
eiviyio 4)yHKii;Hio z{x,y) , KOTopaa npHHHiviaeT HaMajibHbie aHaneHHa (3.3), 
y;i;oBJieTBopaeT ypaBHeHHio (3.1), h na KOTopofi bto ypaBneHne rnnepGojiHH- 

HO. 

rioflCHHM, OTKy^a SepeTCH C^-flH(|)(|)epeHn,HpyeMOCTb , Tor^a KaK KjiaccH- 
necKoe pemeHHe ypaBnenHfl (3.1) noflpaayivieBaeTCH C^-rjia^KHM . /J^jih bbi- 
BO^a CHCTeMbi B pHManoBbix HHBapnaHTax 6y;i;yT HcnojibaoBanbi ycjiOBna hh- 
TerpnpyeMOCTH Pxy = Pyx , Qxy = Qyx , r;i;e p, q hmgiot cmmcji Zx, Zy . 



3.2 CncTeMa b nojiHbix /],H4)4)epeHi],Hajiax 

IlycTb z{x,y) — C'^-pemeHHe ypaBHenna (3.1) b neKOTopoH o6jiacTH T. 
HoTpeSyeM, htoSm ypaBneHne (3.1) 6bijio rHnep6ojiHHHO na pemenHH z h 

Zyyi^^ y) + B{x, y, z{x, y), z^ix, y), Zy{x, y)) ^ (3.6) 

fljifl Bcex TOHCK (x, y) MHOJKecTBa T . HepaBencTBO (3.6) oana^aeT, ^to Bep- 
THKajibHbie npsMbie x = const CBo6oflHbi. 

IlOJIOJKHM 

_ C + A- 2Zxy _ C - A - 2Zxy 

2{Zyy + B) ' 2{Zyy + B) ^ ^ 

SnaneHHa (|)yHKn,HH Ui h U2 coBna^aiOT c TanreHcaMH yrjiOB HaKjiona xa- 
paKTepncTHK ypaBnenHH (3.1) ( |Kyp| , npnji. 1 k rji. V, § 2). Ha ycjiOBna 
rHnepSojiHHHOCTH (3.2) BbiTexaeT HepaBencTBO Ui ^ U2 , KOTopoe nosBOJiaeT 
o;i;H03HaHHO paapeniHTb cooTHomeHna (3.7) OTHOCHTejibHO z^y h Zyy : 

_ A _A ui + U2 , C 

^yy-u,-u2 ' ^^^"2^2-^1 2- ^^-^^ 

HoflCTaBHM BbipajKCHHa (3.8) b ypaBHenne (3.1). Hojiy^M jiHHeiiHoe ypaB- 
HeHHe OTHOCHTejibHO Zxx ■ Pemaa ero, naxo^HM 

zxx = A^^ - D. (3.9) 

Cjie^ya MoH>Ky, hojio>khm 

Zx =p, Zy = q. (3.10) 
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Ha paBencTB (3.8)-(3.9) hcho, mto TpH c|)yHKn,HH z , p m q nepeMennbix x 
H y y^OBjieTBopfliOT b o6jiacTH T CHCieMe ypaBHenHii b nojiHbix flH4)4)e- 
peHii;Hajiax 



ripaBbie nacTH ypaBHeHHfi (3.11) — nenpepbiBHO ^H4)4)epeHii;HpyeMbie d^jHK- 
Li,HH OT x,y,z,p H q . 

TaKHM oSpaaoM, naiviH ycTaHOBjieno cjieflyiomee. Ecjih z{x, y) — TpHJKflbi 
nenpepbiBHO flH4)4)epeHn,HpyeMoe pemenHe ypaBHenHH (3.1) b o6jiacTH T, 
^jia KOToporo BbinojineHbi HepaBencTBa (3.2) h (3.6), to onpe^ejieHbi Tpn 
(J)yiiKii;HH z^p H q, aBJiaioinHeca pemeHneM CHCTeMbi ypaBHeHHfi (3.10)- 



06paTH0, nycTb b o6jiacTH T cymecTByeT napa (mi, U2) nenpepbiBHO 
flH4)4)epenn,HpyeMbix 4)ynKn,HH TaKHx, mto Ui ^ U2 , h b 3toh o6jiacTH cy- 
mecTByeT C^-pemenHe CHCTeMbi ypaBHennfi (3.10)-(3.11) Taxoe, hto 



IloiiHTiio, HTO B 3T0M cjTVHae z^^ = Px , z^y = Py = qx , Zyy = qy . Cjie;i;oBa- 
TejibHO, z G C'^(T) . no;i,CTaBjiaa ananenna BTopbix nponsBOflnbix 4)ynKn,HH 
z B jieByio nacTb cooTnomenHa (3.1), y6ejKflaeMca, hto z(x,y) — pemenne 
ypannenna (3.1). B cnjiy on,eHKH (3.12) 3to ypannenne rHnep6ojiHnno na z , 
H cnpaBe^jiHBO iiepaBeiiCTBO (3.6). 

PeaiOMHpyeM no.rry^ieiiiibie peayjibTaTbi b BH^e JieMMbi. 

JleMMa 3.1. B oSjiacxn T Tor^a h TOJibKO Tor^a onpe^ejiena (i)yHKii;Ha 
z{x,y) Kjiacca C^{T) , yflOBjieiBopaiomaa cooTnomennaM (3.1), (3.2) n (3.6), 
Kor/i,a B 3T0H oSjiacTH cymecTByeT C^-pemenne {z, p, q) cncTeMbi ypannennH 
(3.10)-(3.11), yflOBJieTBopaiomee ycjiOBHio (3.12). □ 

3.3 CncTeMa b pHManoBbix HHBapnaHTax 

CncTeMa flHc|)c|)epenn,Hajibnbix ypaBnennn b nojinbix flHc|)c|)epenn,najiax an- 
jiaeTca nepeonpeflejiennon n, BOo6me roBopa, pemenna ne HMeeT. ^Jia cy- 




(3.11) 



(3.11). 




(3.12) 
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meCTBOBaHHfl pemeHHfl Heo6xOflHMO H flOCTaTOHHO, MT06bI BbinOJIHajTHCb 

ycjTOBHH HHTerpHpyeMOCTH. YcjiOBHA HHTerpnpyeMOCTH ypaBHenHH (3.10)- 
(3.11) CBO^aTca k ;i;H4)4)epeHii;HajibHbiM cooTHomeHHaM MejK^y 4)yHKii;HaMH 

Ui,U2,Z,p H q. 

T^eiicTBHTejibHO, Tax xax npasbie nacTH CHCTeMbi (3.10)-(3.11) nenpe- 
pbiBHO flHc|)c|)epeHn,HpyeMbi, to c|)yHKn,HH z, p n q flbajK^bi nenpepbiBHO 
flH4)4)epeHn,HpyeMbi. CjieflOBaiejibHO, na MHOJKecTBe T hmbiot mbcto pa- 
BencTBa 

^xy ^yx ) Pxy Pyx ; qxy qyx ■ (3.13) 

riepBoe H3 paBencTB (3.13) BbinojinaeTca TOJK^ecTBeHHO b CHJiy CHCTeivibi 
(3.10)-(3.11). BTopoe npHBO^HTca k BH^y 

U1U2 "'^ 



VUi — U2 



+ (sP%^-«.)(#li^+¥) + 

+ (^A,-i^,) (sr^-s) = 

+ \U2 -U^^ + [^Ui - U2 -^) + 

, / Ui + U2 I Cg\ f A U1+U2 I C\ 

^yu2-ui^^^j \Yu2-u1 + ■ 



(3.14) 
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AnajiorHHHbiM o6pa30M ipeTbe h3 paBencTB (3.13) CBOflHTca k cooTHomeHHio 

, ( Ui + U2 Ap Cp\ fA Ui+U2 I C\ , 



(3.15) 



Air L A 'U2x — _ n t ( Az r\ r)-\- 

+ ( b\( a ^1^2 + 

+ I^Mi - M2 \ Ui -U2 

CooTBeTCTBHfl (3. 14)-(3. 15) npeflCTaBjifliOT co6oh jiHHeiiHyio CHCTeMy 
/iByx ajTre6paH^ecKHx ypaBHenHii c ,T,ByMfl neHSBecTHbiMH Uix + U2Uiy h 
U2x + UiU2y. Ee onpe^ejTHTejTb paBeii A^/(mi— ^2)^, a TaK KaK Mi 7^ ^2 , 
TO 3Ta CHCTeivia o;i;H03iianiio paspeniHMa: 

Ulx + 1i2lil« = -Eo + E'l'Ui + £^21*2 + £'31*1 + E4U1U2 + Er,u\u2, 

(3.16) 

■W2a; + UiU2y = -^o + + I2U2 + -^31*2 + hU\U2 + /slill^i- 

Ko34)4)HLi,HeHTbi ii^j, /j, 0<j<5, onpe^ejiaiOTca nepea (J)yHKn,HH 
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B, C, D, A H Hx nepBbie npoH3BOflHbie cjieflyiomHM o6pa30M: 

Eq = Iq = Dq, = = —-Bp, 

Ei= ai + a2+4^( CC,-3AC, + CA, + AAg-2ADp), 
= -ai - ^2 + 4^(-CC, - AC, - CA, - AA, - 2AD^), 
Es = + fh + 47^(-CCp + ACp + CAp - AA^ + 2AS,), 
^4= /3i-/32+4^( CCp + 3ACp-CAp + AAp + 2AS,), (3.17) 
7i= o;i-a;2 + 4^( CC, - AC, - CA, + AA, - 2AL>p), 
/2 = -a, + a2 + ^{-CCq - 3AC, + CA, - AA, - 2ADp), 
/9i + /32 + 4^( CCp+ ACp + CAp + AAp + 2A5,), 
h = -A - /32 + 45;(-CCp + 3ACp - CA^ - AA^ + 2AS,), 



Oil = 


j^{2Dy + C^ + 2D,q + C,p + CDp 


-DCp-2BDg), 


0.2 = 


2^(A^ + A^p-L>Ap), 




Pi- 


2^(25, + Cy + 2B,p + C,q + CBg - 


-BCg-2DBp), 


/32 = 


^{Ay + A,q-BAg). 





HycTb (i)yHKii;Ha z{x,y) — C^-pemeHne ypaBHenna (3.1) b o6jiacTH T , 
fljifl KOToporo HMeiOT MecTO HepaBencTBa (3.2) h (3.6). Corjiacno jieMMe 3.1 
4)yHKn,HH z, p — Zx u q — Zy yflOBjieTBopaiOT CHCTeMe ypaBHenHii (3.10)- 
(3.11), r^e Ui H U2 onpe,T,ejTeHbi paBencTBaMH (3.7). 

YMHOiKHM BTOpOe H3 paBGHCTB (3.10) Ha Ui H CJIOJKHM C nepBblM. B 

peayjibTaTe nojiyHHM 

Zx + uiZy ^ p + uiq. (3.18) 

AnajiorHHHbiM o6pa30M nociynHM c pabencTBaMH (3.11). IlepBoe h3 hhx npn- 
6aBHM KO BTopoMy, yMHOJKeHHOMy Ha 1^2 5 a TpeTbe cjiojkhm c HeiBepTbiM, 
yMHOiKeHHbiM Ha Ui . riojiynaeM 

C + A , , 

Px + U2Py = — - — U2-D (3.19) 
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H 

C + A 

Qx + uiQy = — Bui (3.20) 

COOTBeTCTBeHHO. 

TaKHM o6pa30M, flOKaaan cjie^yiomHii c|)aKT. 
Teopeivia 3.1. HycTb z{x,y) — C^-pemeHne ypaBHeHHJi (3.1) b oSjiacTH 
T TaKoe, HTO cnpaBefljiHBLi vcjiobhji (3.2) h (3.6). Tor^a naSop (|)yHK- 
n,HH (ui, -2, p, g) , r^e Wi, M2 HaH/],eHi>i h3 BbipajKeHHii (3.7), p = 
H q — Zy , sBjiaeTca C^-pemenHeM CHCTeMbi bhth ypaBHenHii (3.16)-(3.20) 

B 3T0H 06jiaCTH. □ 



3.4 CBe^eHHe ypaBHeHHa MoH:aca— AMnepa k CHCTeMe b 
HHBapnaHTax 

/^onycTHM, HTO o6jiacTb T HMeeT nenycToe nepeceneHne c ocbio Oy . Cjie- 
flyiomee yTBep^Kflenne aBjiaeica b onpeflejienHOM CMbicjie o6paTHbiM no ot- 
HomeHHTO K TeopeMe 3.1. 

TeopeMa 3.2. IlycTb {ui, U2, z, p, q) — C^-pemenHe CHCieMbi (3.16)- 
(3.20) b o6jiacTH T, npHHHMaiomee HanajibHbie aHaneHna 

z{0,y) = zo{y), 
p(Q,y) =Po(y), 
?(o,y) = z'^iy), 

{C + A)((0, y, zo{y),Po{y), z,{y))) - 2p,{y) (3-21) 



«2(o,y) = 



2(zq + B{0, y, zo{y),Po{y), 4(y))) 
{C-A){{0,y,zo{y),po{y),z',{y)))-2p',{y) 
2(zq + B(0,y, zo(y),Po{y), z'oiy))) 



H nycTb T aBJiaeTca oSjiacTbio onpe^ejieHHOCTH SToro pemenHa. Tor^a, ecjin 
BbinojiHena oii;eHKa (3.12), to z aBJiaeica C^-pemeHneM aaflann (3.1)-(3.3) 
Ha MHOiKecTBe T , npHHeM Zx — p, Zy — q, h HMeeT MecTO nepaBencTBO (3.6). 
^OKasaxejibCTBO. B nepByio onepe^b noKajKeM, mto ui ^ U2 b o6jiacTH T . 
CorjiacHO HaMajibHbiM snaMeHHaM (3.21) h on,eHKe (3.5) HMeeM 

/n ^ ^ A(0, y, Zo(y),po(y), ^(y)) , . 

Zo{y) + B{0,y,zo{y),po{y),ZQ{y)) 
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PaccMOTpHM ypaBHeHHa (3.16). BbiHTCM h3 nepBoro ypaBneHHa BTopoe. Onn- 
paacb na npeflCTaBjienHe (3.17), nojiyMHM paBencTBO 

{Ui - U2)x + U2iui - U2)y = 

= (ui - U2) ha2 + '-^ + 

B, CAp + ACp\ (3.23) 

+ {Ul + U2) [^2 + ^ + '-J^ + 

+ (1*2 - Ui) I /^i H — 1 - BpUiU2 + U2yj. 

TaK KaK T — oSjiacTb onpe^ejieHHOCTH pemeHna CHCTeMbi (3.16)-(3.20), to 
Ha 0Tpe3Ke [0, x] cymecTByeT pemeHne aa^anH Komn 

dg , ^ 

g{x,x,y) = y, 

H TOHKa (r, g{T,x,y)) coflepjKHTca b T npn < t < x , ecjin TOMKa {x,y) 
co^epjKHTca B T . HpoHHTerpHpyeM ypaBnenHe (3.23) B^ojib xapaKTepncTH- 
KH 77 = g{T,x,y) OT flo a; . HojiynHM 

{ui - U2){x,y) = 

= {ui -U2){0,g{0,x,y))x 



X exp{ / 
Jo 



CA„ - AC. 



2-^ + ^2A-^ + 

B, , CAp + ACp\ , (3.24) 



CCp + AAp\ ^ \ 

+ {U2 - Ui) I /3i H ^ 1 - BpUiU2 + U2y I 

(r,g(r,x,y)) dr}. 

y^HTbiBaa HepaBGHCTBO (3.22), h3 BbipajKenHa (3.24) aaKjiio^aeM, hto 
ui ^ U2 B o6jiacTH T . 
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JJ^ajiee, nojiojKHM 



r{x,y,z,p,q) = A ^^^^ D, 

Ui - U2 



s[x,y,z,p,q)^ — h— , (3.25) 

t{x,y,z,p,q) = — B. 

BBefleHHbie o6o3HaMeHHfl no3BOJiaiOT aanncaTb ypaBHenHH (3.19)-(3.20) b 
BHfle 

Px + U2Py = r + U2S, (3.19') 

Qx + uiQy = s + uit. (3.20') 

TaK KaK U\^U2 b o6jiacTH T, to ypaBHeima (3.16) SKBHBajieHTHbi ypas- 
HeHHSM (3.14)-(3.15). Hocjie^HHe mo^kho sanncaTb cjie^yiomHM oSpaaoM: 

Ty + + TpS + Tgi = Sj; + SzV + SyT + SqS, (3.14') 

Sy + s^g + SpS + s^t = t,j, + tzP + tpr + tgS. (3.15') 

XapaKTepHCTHKH CHCTeMbi ypaBHeHHH (3.18), (3.19'), (3.20') naxo^HM, pe- 
maa 3a;i;aHy KoniH fljia oSbiKHOBGHHoro flH(|)4)epeHLi;HajibHoro ypaBHenna 

rf7 = (3.26) 
9i{x,x,y) = y (i = l,2). 

HpoHHTerpHpyeM ypaBneHna (3.18), (3.19') , (3.20') B^ojib cooTBeTCTByio- 
iHHx xapaKTepHCTHK OT flo x . B peayjibTaTe nojiynnM 

z{x,y) = Zo{g2iO,x,y)) + / {p + Uiq}{T, g2{T, x,y)) dr, 

Jo 

PX 

pix,y) =po{gi{0;x,y))+ {r + U2s}{t, gi{T, x,y)) dr, (3.27) 

^0 

/•X 

q{x,y) ^ z'o{g2{0,x,y))+ / {s + Uit}{T, g2{T,x,y)) dr. 

Jo 

HpaBbie nacTH ypaBHeHHH (3.26) nenpepbiBHO flHc|)c|)epeHn,HpyeMbi. IloaTO- 
My 4)yHKn,HH gi{T,x,y) {i — 1,2) nenpepbiBHO flHc|)c|)epeHn,HpyeMbi h hmbiot 
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HenpepbiBHbie CMemanHbie npoH3BOflHbie BToporo nopaflKa no r, x h no 
r, y , a MejK^y nponsBOflnbiMn 4)ynKn,HH gi no x n no y HMeeica aaBncn- 

MOCTb 

9ixir, X, y) + U2,-i{x, y)giy{T, x, y) = 0. (3.28) 

BbiHHCJiHM nepBbie npoH3Bo;i;Hbie 4)yriKn;HH z, p ti q . ^Jia SToro npo- 
flH4)4)epenn,HpyeM panencTBa (3.27). HpHnnMafl bo BnnManne cooTnomenna 
(3.14') — (3.15') , (3.28), nnTerpnpyfl no nacTHM n yHHTbiBaa naHajibnbie 3na- 
HeHHa (3.21), nojiynaeivi 

Zy{x, y) = q{x, y)+ {{py-s) + {s- qx)}{T, g2{T, X, y))g2y{r, x, y) dr, 
Jo 

Zx{x,y)=p{x,y)+ / {{py-s) + {s-q^)}{T,g2{T,x,y))g2x{T,x,y)dT, 
Jo 

Py(x, y) = s{x, y, z(x, y),p(x, y), q{x, y))+ 

+ / {szip - Zx) + r^{zy -q) + Sp{r - p^) + Tpipy - s)+ 

+ Sq{s - q^) + rq{qy - t)){T, gi{T, x, y))giy(r, x, y) dr, 

Px{x,y) = r{x,y,z{x,y),p{x,y),q{x,y))+ 

+ / {sz{p - z^) + rz{zy -q) + Sp{r - p^) + Vpipy - s)+ 

+ s^{s - g^.) + rq{qy - t)}(r, ^i(r, x, y))gix{r, x, y) dr, 
Qy{x,y) = t{x,y,z{x,y),p{x,y),q{x,y)) + 

+ / {tz{p - Zx) + s^{zy -q)+ tp{r - p^) + Sp{py - s)+ 
Jo 

+ tq{s - qx) + Sq{qy - t)}(r, ^2(t, x, y))g2y{r, x, y) dr, 
qx{x,y) = s{x,y,z{x,y),p{x,y),q{x,y)) + 

px 

+ / {tz{p - Zx) + s^{zy -q)+ tp{r - Px) + Sp{py - s)+ 
Jo 

+ tq{s - qx) + Sq{qy - t)}(r, c/2(r, x, y))g2xir, x, y) dr. 

(3.29) 
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BbipajKeHHfl (3.29) nosBOJiHiOT c^ejiaTb BbiBO^ o tom, hto 



Zy{x,y) = q{x,y), 
Zxix,y) = p{x,y), 

Pyix,y) = qxix,y) = s{x,y,z{x,y),p{x,y),q{x,y)), 
Px{x,y) = r{x,y,z{x,y),p{x,y),q{x,y)), 
qy{x,y) = t{x,y,z{x,y),p{x,y),q{x,y)). 

C yneTOM cooTBeTCTBHii (3.25) sto osHanaeT, hto Tpn (J)yHKii;HH z, p m q — 
C^-pemeHHe CHCTeivibi (3.10)-(3.11). OTCiofla corjiacHO jieiviMe 3.1 BbiTCKaeT, 
HTO z — C'^-pemeHHe 3a;i;aHH (3.1)-(3.3) b o6jiacTH T. □ 

SaMenaHHe. CHCTeMa (3.16)-(3.20) coctoht h3 bath ypaBnenHH h co- 
flep>KHT HflTb HeH3BecTHbix (]3yHKn,HH Ml, U2, z, j9 H g. B cjiy^ae, ecjiH 
K03(J)(J)Hn,HeHTbi A, B, C m D ypaBHennfl (3.1) ne saBHcaT ot snaHenHH 
z, ypaBHeHHa (3.16), (3.19) h (3.20) oSpaayiOT saMKnyTyio cncTeMy neTbi- 
pex ypaBHeHHH c neTbipbMa HensBecTHbiMH (|)yHKii;H5iMH Ui, U2, p h q . Snaa 
Ml, U2, p n q , Mbi MO>KeM nanTH z h3 ypaBnenHa (3.18) hjih nepBoro paBen- 
CTBa (3.27). Onpe^ejieHHbiH HHTepec npe^CTaBjiaeT CHTyan,Ha, npH KOTopoii 
ypaBHeHHfl (3.16) oSpaayiOT aaiviKHyTyio CHCTeMy c ^Byivia neHSBecTHbiMH Mi 
H U2 . OHeBHflHO, HTO yKasaHHaa CHTyaii;Ha HMeeT mgcto Tor^a h tojibko 
Torfla, Kor;i;a 

dz dp dq dz dp dq 

(j = 0, . . . , 5) , r;i;e Ej h Ij BbinncjieHbi corjiacno BbipajKennaM (3.17). B 
3T0M cjiy^ae nocjie naxojKfleHHa pemenHa Mi, U2 anaaenHa z, p m q MoryT 
SbiTb Haa^eHbi h3 ypaBnenHH (3.18)-(3.20) hjih (3.11). 



3.5 OKOHHaTejibHfciH bh^ CHCTeMfci B HHBapnaHTax 

CncTeMa (3.16), HOJiyaeHnaa /J. B. TyHHn,KHM |TyH| , hmgct b npaBoii aa- 
CTH MHoroajieHbi c o5pa3yion],HMH Wi, U2, a (J)yHKn,HH p, g, Toace ncKOMbie, 
co^epacaTca b K03(J)(J)Hn,HeHTax. 3to MoaceT BbiSBaTb Tpy^HOCTH npn hohmt- 
Ke najiojKHTb ycjiOBHa na K03(|)(|)Hn;HeHTbi. B paSoTax aBTopa npefljioacena 
;i;pyraa aanncb CHCTeivibi (3.16): HCKOMbie (i)yHKn;HH Ui,U2,p,q aBJiaiOTca o6- 
pa3yion],HMH, a K03(J)(J)Hn,HeHTbi cocToaT h3 nsBecTHbix (J)yHKn,HH. 
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BBe^eM nepeoSosHaneHHe 

r = ui, s = U2- (3.31) 

HoflHepKHeM, ^TO a^ecb r, s aBjiaiOTca xapaKTepncTH^ecKHMH nepeMennbi- 
MH ( |Kyp| , npHji. 1 K rji. V, § 2) (ohh >Ke pHManoBbi HHBapHanTbi h co5- 
CTBeHHbie SHaneHHa CHCTeivibi ([EH], rji. 1)), a ne o6o3HaHeHH5iMH MoHJKa 
j^jisi BTopbix npoH3Bo;i;Hbix H3 (3.25). H Te, h flpyrne oSoaHaneHHa aBJiaiOTca 

TpaflHIi;HOHHbIMH. 

CncTeMa HMeeT BHfl 

{d^ + ^{uj)dy) uj = f^{x,y,r,s,p,q,z), (3.32) 

r^e HH^eKC lu npHHHMaeT SHaneHHa r, s,p, q, z , (|)yHKn,Ha ^{ui) hmcgt bh^ 

^{r) = s, ^(s) = r, ^(p) = s, ^(g) = r, ^(2;) = r , 

/r = Po + Pir + P2S + psP'^ + P4.qr + pnps + p&qs + pjr"^ + ps'^s + p<jpr'^+ 

+ pioqr'^ + piiprs + puqrs + pisr'^s = fr{p,r, s,p, q), 
fs{a,r,s,p,q) = fr{a, s,r,p, q), 
/p = vro + vriS, fg = Ko + Kir, f^=p + qr, 

BeKTop-(|)yHKn,HH p, a, vr, k saBHCHT ot x, ?/, z,p,q , 



Po 




o-Q = 




P3 


= 2k(^ + A)., 


0"3 = 


-2k(^-A). 


P4 


= i^., 


CT4 = 




P5 


= -2k(c + A)., 


CTS = 


2k(c-A). 


P6 


= -i^. , 


cTe = 




P9 




CTg = 




PlO 


= -2k(c-A)., 


O"l0 = 


2k(c + A). 


Pll 




an = 




P12 


= 2k(c-A)., 


0"12 = 


-2k(c + A). 


Pl3 


= -Bp , 


c^ia = 


-Bp , 
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Pi = ^{ A, + C, + 2Dy + CDp - DAp - DCp - 2BD^ + \CC^- § AC,+ 



a + 2D,. + CDp - DAp 



P7 



+ ICA 
-^(-A, 



2A 

Wa 



DCp - 2BDg + \CC^ + |ACg+ 

iAA, + ADp), 
C„ + + C5g + BA^ - BCg - 2DBp + \GCp - \ACp- 



^AA„ - Afi 



= 2k (-^?/ + + 25, + + BA, - BC^ - 2DBp + \CCp + \ACp- 

- \CAp + iAAp + AB,) , 

(71 = -^{-A^ + a + 2Dj, + CDp + DAp - DCp - 2BDq + iCC, + |AC,- 

- iCA, + iAAg + ADp) , 

(72 = ^{-A^ + a + 2Dj, + CDp + DAp - DCp - 2BD, + \CC^ - \AC^- 

- \CA, + iAA, - ADp) , 

ar= ^{ Ay + Cy + 2B^ + CB^ - BA, - BC, - 2DBp + \CCp + \ACp-^ 

+ \CAp + iAAp + Afi,) , 
(78 = Ay^Cy^ 25,. + CB^ - BAg " BC, - 2D Bp + \CCp - |ACp+ 

+ \CAp+\AAp-AB^), 

7ri = i(C + A), Ki 
HanajTt.Hbie ycjiOBHa (3.21) ^Jia CHCTeMbi (3.32) c yneTOM nepeo6o3HaHe 

HHH (3.31) HMeiOT BHfl 

{C + A)(0, y, z%y),p'{y), z'^jy)) - 2p°(y) 
2(zl(y) + 5(0, y, ^"(t/), r,0(y), ^°(y))) ' 



«o = i(C + A), 
-5 . 



n^,y) r^y) 2{zly{y) + B{0,y,z'{y),p%y),zl{y))) 

s(0 V) - s^(v) - iC-Amy^z\yU\y)^zl{y))- 2pl{y) 
^ '^^ " " 2{zl{y)+B{Q,y,z\y)y{y),z-y{y))) ' 

p(0, y) = pO(y) , g(0, y) = gO(y) = ^(y) , z(0, y) = z%y) 
SanHineM CHCTeMy (3.32'') b bh^g 



(3.32°) 



9. 



A r° + g° , C 
A 



-B, 



(3.32°°) 



2° = (7° 
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yflo6HO sa^aBaTb b KaMecTBe naMajibHbix flannbix c|)yHKn,HH r , s , a c|)yHK- 
n,HH Z^, HaXO,T,HTb H3 CHCTeMbI (3.32°°) . Ecm K03ci)ci)HiiHeHTbi A, B, C, D 
saBHcaT TOJibKO OT nepeMeHHbix x, y , cncTeivia aBJiaeTca jiHHeHHoii. B 06- 
meM cjiynae ona HejinneiiHa. 

YpaBHeHHe c K034)4)Hii;HeHTaMH, aaBHcainHMH TOJibKO ot x, y , CBO^HTca 

K CHCTCMe 

{dx + sdy)r = {r - s){ari + ar2r) , 

(3.33) 

(d^ + rdy)s^{r-s) (a^i + 0^2 s) , 
^'■i ~ 'TK^'^^y + C'-r + A3.) , = ■^^{—'^Bx — Cy + Ay) , 

= 2^^^"^^ + — Aj.) , = ^^{~'^Bx — Cy — Ay) . 

Hocjie HaxojKfleHHfl 4)yHKn,HH r, s pemaiOTca jiHHeiiHbie ypaBnenHa (3.32) 
fljia 4)yHKn,HH p, q, z . HaHajibHbie flannbie z^ b 3tom cjiy^ae bbi- 

pajKaiOTca Hepea r°, s° npn noMomn (3.32°°) . 



4 nocjie/i,OBaTejibHOCTb npH6jiH:aceHHbix peme- 

HHH 

4.1 IlTepai],HOHHaa nocjie^OBaTejibHOCTb 

HycTb H3BecTHbi (J)yHKii;HH uj{x,y), uj = r,s,p,q,z. (l>yHKLi,HH to {x,y), 
u — r, s,p, q, z, onpe^ejiHM xax pemeHne HejiHHefiHoii aa^anH Komn 

"t^/ s n+1 „ , n n n n n, 

{8^+ ^ {uj)dy) u; ^ f^{x,y,r,s,P,q,z), ^^^^ 
''uj\o,y) ^u;^{y), u; ^ r,s,p,q,z. 

Sa^a^a Komn (4.1) pacna^aeTca na neTbipe nesaBHCHMbie aa^anH: ne.rrH- 

n+l n+1 

HGHHaa CHCTeMa fljia r , s h Tpn neaaBHCHMbix jiHneliHbix ypaBHenna 
fljia ocTaBniHxca c|)yHKn,HH. /l^OKaaaTejibCTBy paspeniHMOCTH HejiHHeHHoii ch- 
CTeMbi Mbi npe^noniJieM ycTanoBJieHHe anpnopHbix oii;eHOK. 
HanajibHoe npH6jiH5KeHHe onpe^ejiHM Tax: 

u;{x,y) = uj^{y), u = r,s,p,q,z. (4.2) 
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C^-pemeHHe aaflaMH (3.32), (3.32°) cymecTsyeT, ecjiH cymecTsyioT 
HenpepbiBHtie (J)yHKn,HH cu, ujy, uj = r, s.p, q, z , tek Kax corjiacHO ypaBHeHH- 
aM (3.32) BeKTop-4jyiiKii;H5i cj^. BLipa>KaeTC5i Mepea a;, ujy . /^OKasaTe.iBCTBO 
cymecTBOBaiiHii iienpepBiBiiBix BeKTop-cJ^yiiKi^nii cu, ujy ecTb ;],0Ka3aTejibCTB0 
paBHOMepHOH cxoflHMOCTH nocjieflOBaTejibHOCTeii {co"}, {ci^y}, o; = r, g, 
H B 3T0M flOKaaaTejibCTBe pemaiomyio pojib nrpaei paBHOMepnaa orpanHMen- 
HOCTb yKaaaHHbix nocjie^OBaTejibHOCTefi. 

4.2 PaBHOMepnaa orpaHHHeHHOCTb 

HycTb BeKTop-c|)yHKn,HH p, cr, tt, k h c|)yHKn,HH r°, g° C^-rjia^KH h 

orpaHH^eHbi, z° G C^(R) . 

B BbipajKeiinax ^Jia (J)yHKii;HH /r, /s h3 npaBbix MacTeii (3.32) mohomm 
pa36HBaK)Tca na flBe KaTeropHH: coflepjKamHe p, g h ne co;i;ep>Kaiii;He. Coot- 
BeTCTBeHHO TpeSyeTca paajiHMaTb K03(|)(J)Hn,HeHTbi p, cr h3 pa3Hbix Kaiero- 
pnii. ^Jia pa3JiHHeHHa BBe^eM MHOJKecTBa HHfleKCOB: J^g — {0, 1, 2, 7, 8, 13} 
fljia MOHOMOB, He coflepjKamHx p, 5, h Jp^ = {3, 4, 5, 6, 9, 10, 11, 12} — ^jia 
co^epjKamnx. 

BBe^GM o6o3HaHeHHa 



max sup |<^°(y)| = const. 



a\{x) 



sup |aj(a;,7/,^,p,g)|. 



j ^ Jrs 

a e {p,cr} 




sup 

(2/,z,p,g)GlR4 

i € Jpq 

a e {p,a} 




(4.3) 



sup 




j=0,l 



JleMMa 4.1. IlycTb 



< 1 , < 1 , 




(4.4) 



ai{x) dx + 8 



—00 



22 



HpeflnojioJKHM, mto fljia neKOToporo HOMepa n > hmbiot mbcto on,eHKH 

\uj {x,y)\<l, uj = r,s , 

\cu {x,y)\ <l + 2a3\x\ , uj=p,q, (4.5) 

\z{x,y)\< max \z°{t)\ + 2\x\ + 2a3x'^ 
te[y-\x\, y+\x\] 

fljifl V {x, y) e [0, +00) X R . Torfla ^jih noMepa n + 1 npn ycjiOBHH cyme- 

CTBOBaHHa 4)yHKn,HH OJ , 00 — r, s,p,q, z , cnpaBeflJiHBbi Te me on,eHKH (4.5). 

/l^OKasaTejibCTBO. H3 cooTHomeHHii (4.2), (4.4) cjie^yeT, hto fljia n — 
iiepaBeriCTBa (4.5) Bepiiu. npe;i,nojTOJKHM, hto iiepaBeiiCTBa (4.5) BbinojineHbi 
HeKOToporo HOMepa n , h ^OKajKeivi hx fljia HOMepa n + 1 . 

BocnojibsyeMCii npe;i;cTaBJieHHeM npaBbix HacTeii /^^ b cncTeivie (3.32). 
H3 c|)opMyjibi (2.10) nojiyHaeM: fljia a; = r, s 

r^'(x,y)| <|a;°|+ r\L\dT< 
Jo 

<Uo + 6 ai{T)dT + 4 a2{T)\p\dT + 4 a2{T) \q\ dr < 
Jo Jo Jo 

f+oo r+00 

<Uo + 6 ai{T)dT + 8 a2{T){l + 2a3T) dr <1 . 
Jo Jo 

cu — p,q, a — 7r,K 
+1 

fa; {x,y)\ < |a;°| + / dr < (cm. (4.3) fljia eta) 
Jo 

<1+/ (|ao| + |ai|) dr < 1 + 2q;3 / dr <l + 2a3\x\. 
Jo Jo 



n+1. 



/l^jifl uj = z, TaK KaK |r| < 1, T.e. gz {T,x,y) G [y — x + r, y + x — t] : 
I 2; (a;,y)| < Iz"! + / | P + gr | dr < max 1-^ (^)1 + 

Jo ie[2/-|a;|, y+\x\] 

+ f 2(l + 2a3r)dr^ max |^°(i)| + 2|x| + 2q;3x2 . □ 

Jo t&[y-\x\, y+\x\] 

Cjie^CTBHe. Ilpn BbinojineHHH ycjiOBHii (4.4) ceivieHCTBa 
{a;} , (jj = r, s,p, q, z , paBiiOMepno orpaHHHeHbi na KOMnaKTe 

G{x,y) ^ {{x,y)\ X e [0,x], y e [y - x + X, y + x - x]} (4.6) 
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fljifl V {x, y) e [0, +00) X R . 

n 

/],OKa3aTejibCTBO. Q?yHKn,HH uj, u — r, s,p,q, z , onpeflejienbi na kom- 
naKTe G{x, y) , tek kek xapaKiepHCTHKH, Bbixoflflmne h3 jito6oh to^kh 
(x, y) G G{x,y) , jiejKaT b KOMnaKTe G{x,y) b chjiv I'"] < 1, |s| < 1 ■ PaB- 
HOMepnaa orpaHnneHHOCTb cjie^yeT h3 HepaBencTB (4.5). □ 

4.3 rHnep6ojiHMHOCTb b ysKOM CMbicjie 

noTpe6yeM, mtoSbi HanajibHbie /i,aHHbie r", Smjih pasflejienbi neKOTopoii 
nocToaHHoii. Bojiee tohho: 36 > 0: 

inf r\y) - sup s\y) > 5 > . (4.7) 

JleMMa 4.2. FlycTb See (0, 5] : 

/+00 /•+00 ^ ^ 

ai{x)dx + 8 (1 + 2a3|a;|)a2(a;) (ia; < — — . (4.8) 
■00 J -00 ^ 

Tor^a fljia n = 0, 1, 2, . . . 

inf r (x, y) — sup s (x, y) > £ > 0. (4.9) 

^OKasaxejibCTBO. CorjiacHO 4)opMyjie (2.10), y^HTbiBaa oii;eHKH (4.3), 
(4.5), (4.8), HMeeM 

n+1 / /•+00 \ 

(3:^, y) > inf r°(|/) — I 6 / q;i(x) dx + 8 (1 + 2q;3|x|)q;2(x) 1 > 
>infrO(y)-^, 

n+1 / /"+00 /•+00 \ 

s {x,y) < sups°(y) + ( 6 / ai{x)dx + 8 {1 + 2a3\x\)a2{x) dx \ < 
3/eM V J-00 V-00 / 

< sups°(|/) + . 

J/6K 

Tor^a coraacHO ycjiOBHio (4.7) 

inf r (x, y) — sup s {x, y) > inf r'^(7/) — sup s°(y) — ((5 — s) > £ . □ 

(a;,2/)GR2 ix,y)eM.^ 
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4.4 PaspeinHMOCTb HTepai],HOHHOH cncTeMbi 

JleMMa 4.3. C^-pemeHne sa^aHH (4.1) cymecTByeT na Bceii nojiynjiocKO- 

CTH. 

^OKasaTejibCTBO. PaccMOTpnM noflCHCTeiviy flByx ypaBHeHHH OTHOCHTejib- 

71+1 1 

HO r , s . Ona aBjiaeica cjiaGo-HejiHHeiiHOH ( |P5I| . rji. 1, § 10, n. 3). 
(^jia CHCTeMbi (2.8) cjiaSaa HejiHHeflHOCTb — bto d^i/dui = ji^jisi Bcex i .) 
PemeHHe btoh CHCTeivibi orpannHeHO na Bcefi nojiynjiocKOCTH corjiacno oii;eH- 
KaM (4.5). CncTeivia aBJiaeTca rnnepSojiHHecKOH b ysKOM CMbicjie corjiacno 
on,eHKaM (4.9). Corjiacno Teopeivie Po>KflecTBeHCKoro — CnflopeHKO ( |P51 



n-\-l n+l 

rji. 1, § 10, n. 3) nepBbie npoHSBOflHbie (J)yHKn,HH r , s ne oSpamaiOT- 
ca b SecKoneHHOCTb npH kohghhom SHanenHH x . Cjie;],OBaTejibHO, corjiacno 
cjie;i;cTBHio H3 3T0H TCopcMbi ( [P5I| . TJi. 1, § 10, u. 3), noflCHCTCMa nepBbix 
;i;Byx ypaBHCHiiH 3a;i;aHH (4.1) paapeniHMa na Bceii (nojiy)nj[ocKOCTH, T.e. 
HMecT rjioSajibHoe C^-rjia^^Koe pemeHne. 

/^eiicTBHTejibHO, aa^ana (4.1) paapemiiMa jiOKajibHO, T.e. b neKoefl 
OKpecTHOCTH npaMOH X = . 3tot xopomo HSBecTHbin (|)aKT cjie^ycT, nanpii- 
Mcp, H3 TeopcMbi cymecTBOBaHiia ( |P5I| . rji. 1, § 8, n. 2) c yneTOM cjie^CTBHa 
H3 jiCMMbi 4.1. Hpn npoflOJiiKCHHii jiOKajibHoro pemeHna CHJibHbiii paapbiB, 
T.e. yxofl nepBoii npoH3Bo;i;HOH b SecKOHCMHOCTb npii kohchhom x, HCBoaMO- 
>KeH corjiacHO TeopeMe PoiK^ecTBencKoro — Cn^opeHKO. B ^OKaaaTejiBCTBe 
3T0H TeopcMbi CTpoHTca Ma>KopaHTa, orpaHHHHBaiomaa KjiaccH^ecKoe peme- 
HHC (no MO^yjiio), h, TaKHM o5pa30M, nepe^ yxoflOM b SecKone^HOCTb peme- 
Hiie, ocTaBaacb KJiaccHHCCKHM, ;i;oji>kho bmhth aa MajKopaHTy, nero 5biTb ne 

MOJKCT. 

/Jajiee, KaK cjie^ycT 113 iiay^eHna cjiaSbix paapbiBOB (paapbiBOB nepBoro 
po^a, T.e. KoneHHbix CKa^KOB nepBon npoHSBO^HOH) , CAa6uu paspue cucme- 
MU KoasujiuHeuHux ypaeneHuu sunep6oAUHecK080 muna, pacnpocmpauMMCb 
edoAb xapaKmepucmuKU, ne MOCHcem hu eosHUKHymt, hu ucnesHymb, ec- 
Au moAbKO pemenue u ezo nepeue npouseodnue ocmawmcsi ozpanuHeHHUMU 
( |P51| . rji. 1, § 10, n. 1). IlocKOJibKy y nac HaHajibHbie flannbie C^-Tjia^j^vme, 



cjiaSbix paapbiBOB hct. TaKHM oSpaaoM, C^-rjia^Koe pemeHiie cymecTBycT 
na Bcen nojiynjiocKOCTH. 

OcTaBiniieca Tpii ypaBHCHHa ciiCTCMbi (4.1) abJiaiOTca JiHHefiHbiMH 11, 
CHa5»ceHHbie HanajibHbiMH ^anHbiMH (4.1), hmciot pemenHa na bcch nojiy- 

nJIOCKOCTH. □ 

n+l 

JleMMa 4.4. IlycTb u {x,y) — pemeHiie ssLj^aHn (4.1). Tor;i,a xapaK- 
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TepHCTHKH aa^a^H (4.1) cymecTByiOT ^jih jiio6oro ana^eHHa napaMeipa 
r G [0, a;] . 

^OKasaTejibCTBO. XapaKxepHCTHKH onpe^ejiaiOTca KaK pemeHna aa^a- 
HH (2.9). KjiaccHHecKaa Teopeivia Komn cymecTBOBaHna h e^HHCTBenHOCTH 

JIJIH CHCTeM BH^a 

-1- Ui = fi{T,Ui, . . . ,Un), i = l,...,n 

dr 

HMeeT cjie^yiomHH bh^: 

IJycmb e saMKHymou o6jiacmu 

G = {(r,Mi, . . . ,M„)| |r-r°|<a, \ui-ul\<h, i = l,...,n} 

eunoAHenu ycAoeun: 

1) (pyuKnuu fi HenpepueHU, 

2) \U<A; 

3) (pyHKiifUU fi Aunmuii^eeu no nepeMeuHUM ui, . . . ,Un ■ 

Tozda cucmeMa c HanaA-bHUMU ycAoeuMMU Mi(r°) = UMeem eduHcmeen- 
Hoe peuienue Sam \t — t°\ < min(a, b/A) . 

B HameM cjiynae A = 1 corjiacHO paBHOMepnoH oii;eHKe (4.5). ^ajiee, 
a = X , n Mbi MOJKeM BbiSpaTb ckojib jTOjifio Sojibinoe SHaneHHe b . Jlnnmn- 
n,eBOCTb oSecne^HBaeTca orpaHH^eHHOCTbio b o6jiacTH G nacTHbix npoHS- 
BOflHbix no Ml, . . . ,Un- corjiacHO jieMMe 4.3 npaBbie nacTH npHHaflJie>KaT k 
KJiaccy C^([0, +oo) x M) KaK KJiaccHnecKoe pemeHne aaflann (4.1). Cjie;i;oBa- 
TejibHO, o6e xapaKTepncTHKH cymecTByiOT fljia V r G [0, x] . TaKHM o6pa30M, 
Mbi MOJKeM HHTerpnpoBaTb B;i;ojib xapaKTepncTHK. □ 

5 ITpoHSBO^Hbie npH6jiH:>KeHHbix pemeHHH 

PacnpocTpaHHM Teopeiviy PojK;i;ecTBeHCKoro - CnflopeHKO ( |P5I| . rji. 1, § 10, 
n. 3), flOKaaaHHyio ji^jisi tohhofo pemenHa b cjiynae CHCTeivibi ;i;Byx ypaBHeHHH, 
Ha MeTOfl nocjieflOBaTejiBHbix npH5jiH>KeHHH ^jia CHCTeMbi naTH ypaBHeHHH 
c flByMa pasjiHHHbiMH xapaKTepHCTHKaMH. 

SauHCb {u)y oanaHaeT, hto k u cnaMajia npHMenaeTca onepaTop BsaTna 
n-ro npnGjiHiKeHHa, h Jinnib saieM onepaTop ;i;H4)4)epeHn;HpoBaHHa no y, a 
ne naoSopoT. 

IlycTb G{x,y) — KOMnaKT, onpeflejiennbifi ycjionneM (4.6), 
V(x,y) e [0,+oo) X M. 
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JleMMa 5.1. CymecTByeT c|)yHKn,Hfl e C°(R) TaKaa, mto 

\{i:;Ux,y)\<^x) (5.1) 

fljifl uj^r,s,p,q,z, V(x, y) G G{x, y) , n = 0, 1, 2, . . . 

^OKasaTejibCTBO. BsefleM o6o3HaHeHHe gu,{x,yo) — 9oj{x,0,yo) . Torfla 

n 

9u}{x,yo) ecTb pemenHe aa^aHH Komn 

n n n- 

(5-2) 

9u>i0,yo) ^yo, uj ^ r, s,p,q, z, 

n 

T.e. KpHBaa {x, 9i^{x,yQ)) — xapaKTepncTHKa, npoxoflflmaa nepea TO^Ky 
(0,yo) . OopMyjia (2.10) npHHHMaeT bh^ 

"'uj\x, X^a;, yo)) = ^°(z/o) + / fu,{T, "gJ{T, yo),n{T, %}{r, yo))) dr , 

Jo 

r^e fl — {cu) — (r, s,p, q, z) . BBe^a o6o3HaHeHHe 

uj {x,yo) = a; [x, {x,yo)) , (5.3) 
nojiyHHM ^Jia u — r,s,p,q,z: 

n+l n-\-l n n+1 '^^ n+1 

^ {x, 9u> {x, yo)) = (yo) + / /^(r, (r, t/q), f^(T, (r, yo))) c^r . (5.4) 

J 



OTCiofla cjie^yeT, mto oj {x, yo) ecTb pemenHe aa^aHH KoniH 

ji+l n+l n+l 

dx uj = U{x, g^ {x, yo), n{x, g^ {x, yo))) , 
uj {0,yo) ^ uj^iyo), uj ^ r,s,p,q,z. 
/^H4)4)epeHii;HpoBaHHeM no yo paBencTBa (5.3) nojiynnM 



(5.5) 



dyj'i^ (x, yo) = dj'u) (x, y) 



dyJt^{x,yo) , 

n+l 

y= 9w {x,yo) 



OTKy^a 

dy''uj\x, y) = dyj'u) (x, yo)dyJg'^{x, yo) . (5.6) 
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/^H4)4)epeHn,Hpyfl no yo c|)opMyjibi (5.2), nojiyHHM ypaBnenHe 



/ n \ n n 



HJIH 



9^ In (dy^h{x,yo)^ = dy^{uj){x,y) 



y=9w[x,yo) 



H nanajibHoe ycjioBne 



idy,9^)iO,yo) = 1 



(5.7) 

(5.7°) 



HycTb v{x,y) G — npoHSBOJibnaa (^ynKujisi. BBe;i;eM oSoanaHeHne 



d 

dx 



n+l 



BbiMHTaa H3 paBencTBa 



{dx+ r dy) s = fs[x,y,n) 



paBencTBO 



nojiyHHM 



(4 



n+l >ri+l 



d n+l 

dx 



n+l _ fs(x,y,n) - (^"^\ 

S — 



n+l n+l 

r — s 



npeo6pa3yeM 3to panencTBo: 



_ fsix,y,n) - Mx,y,n) , 



n+l n+l 

r — s 



n+l n+l 

r — s 



fs{x,y,n) - frix,y,n) ^ ^ -^^ 

n+l n+l n+l n+l 

r — s r — s 



fs{x,y,n) - fr{x,y,n) ^ \'dx 



n+l n+l 
r — S 



d 



n+l n+l 

r — s 



n+l n+l 

r — s 



n n 

fs{x,y,n) - fr{x,y,n) ,( d _ 



r — s 



(5.8) 
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Hcnojib3yeM paBencTBO (5.7): 



1\ ^ yj n+l n+1 



r — s 



n+l , , 

y= 9r (x,yo) 



n+l n+l 

r — s 



n+l, , 
y= 9r (x,yo) 



HHTerpnpyeM b^ojib xapaKTepncTHKH corjiacno c|)opMyjie (2.10), ynnTbiBaa 
nanajiBHoe ycjiOBne (5.7°) : 



n+l n+l 

dyo Qr {x, yo) = ^0 _ ^0 exp 




n n 
fs fr 



n+l n+l 
f — s 



dr 



(5.9) 



Tax KaK c|)yHKii;HH f^, oo — r,s,p,q,z , nenpepbiBHO ^H4)4)epeHii;HpyeMbi no 

n 

r, s,p,q, z,x,y , a ceMeiiCTBO {Jl} paBHOMepno orpanHHeno, to cymecTByei 
KOHCTaHTa a Taxaa, hto ^Jia cu — r, s,p, q,z, /i — r, s,p, q, z, x, y 



\fio\ < a, 



dfj, 



< a. 



HcnojiB3ya oii;eHKH (4.5), (4.9), (5.10), nojiynaeivi h3 (5.9) oii;eHKy 

<dyj'gr\x,y)<ij{x), 



i/jix) 



(5.10) 



(5.11) 



r;i;e 



ip{x) = (2/£)exp{2ax/£} . 



n+l 



On,eHKH fljia dy^ Qs (x, t/o) nojiynaiOTca anajiornHHO. HanoMHUM, hto Bce- 



n+l , 



ro xapaKTepncTHK ^Be, i.e. fljia uj — r,, s,p, q, z {x, yo) coBnaflaei jih6o c 

n+l, , ^ n+l. 
Qr {x,yo) , JIHbOC Qs { 

cnpaBe^jiHBbi oii;eHKH 



"gr{x, yo) , jih6o c "^gs{x, yo) ■ Tbm caMbiM ^jia uj — r, s,p,q, z , n = 1, 2, 3, . . . 



V'(x) 



< dyJ''gJ{x,yo) < ij{x) . 



(5.12) 



Oii;eHKa ^Jia n = HaM ne noTpe6yeTca. 

/^H4)4)epeHii;Hpya 4)opMyjibi (5.5) no napaMeTpy yo , nojiynnM 



dx{dyo UJ ) 



E 



li=r,s 



(5.13) 



n+l 



dyo UJ (0, yo) = uj^{yo) , uj ^ r, s,p,q, z . 
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Bsoflfl o6o3HaMeHHe 



Vo^ max sup \u;y{yo)\ , 



paccMOTpHM accoii;HHpoBaHHyK) c 3a;i;aHeH (5.13) iviajKopaHTHyio aa^any 
d 



dx 



V ^ 5ailj\x) V + ailj{x) , V{Q) = Vo. 



(5.14) 



Saflana Komn (5.14) b CHJiy jiHHefiHOCTH HMeeT pemenHe na BceM KOMnaxTe 
G{x,y) . 

HaHajibHoe npH6jiHJKeHHe co yflOBjieTBopaei nepaBencTBy 



\dyLj\ < ip[x) V{x) , = r, g, 
TaK KaK ^0 > 1 H npaBbie HacTH aa^aHH (5.14) HeoTpHn,aTejibHbi. Hpeflnojio- 

5KHM, HTO 

\dyUj\ < %Ij{x) V{x) , uj = r,s,p,q,z. (5.15) 
YMHTbiBaa on,eHKH (5.10), (5.12), (5.15), nojiyMHM 



n+l 
9yo ^ 



(5.13), (2.10) 



'0 \ ^i=r,s,p,q,z 



+ 



'Wo 



dr < 



(5.14) 



<Vo+ {5ai/j{T)ijj{T) V{t) + aV'(T)) dr ' = ' V{x) . 



Ha (i)opMyjibi (5.6), nojibsyacb oii;eHKaMH (5.12), (5.16), nojiynaeM 



n+l , 



HiaK, 



dy CO {x,y) <ip{x)V{x), u = r, s,p, q, z. 



$(x) = V(2;) V{x) . □ 



(5.16) 
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6 CymecTBOBaHHe h e^HHCTBGHHOCTb pemeHHa 

E;i;HHCTBeHHOCTb pemeHHa aaflann Komn (3.32), (3.32*^) cjieflyeT h3 Teopeivibi 

eflHHCTBeHHOCTH ([EH], TJI. 1, § 8, n. 2). 

B 3T0M paa^ejie, KaK h b paa^ejie 2, Gy^eivi paccMaTpHBaTb aa^a^y KoniH 
fljifl CHCTeMbi oSmero BH^a (2.8), (2.8'^) OTHOCHTejibHO neHSBecTHOH BCKTop- 
4)yHKn,HH u = (mi, . . . ,Mm) ■ By^GM npe^nojiaraTb, hto nocjie^OBaTejibHOCTb 

npH5jiH>KeHHbix pemeHHH {u{x, y)} n nocjie^OBaTejibHOCTb hx npoHSBO^Hbix 
{{u)y{x,y)} paBHOMepHO orpaHHMeHbi na KOMnaKTe (4.6) ji^jih npoHSBOJibHofi 
TOHKH {x, y) G [0, +oo) X R . Bee paeeiviOTpeHHa 5yfleM npoBOflHTb na btom 
KOMnaKTe. B flOKaaaTejibCTBax Sy^eM cjie;i;oBaTb CTan^^apTHoii cxeivie, npn- 
BefleHHOH B |P5I| . TaK>Ke HcnojibaoBana |TyH-^Hc| . 

HycTb (/?(«) G . PaccMOTpHM (J)yHKn,Hio (p{\) = ip{u+X{u—u)), A G M . 
Ho (|)opMyjie HbioTOHa-JleiiSHHita HMeeM |TyH-^Hc| 



(^(1)-(^(0) = ^(m)-(/?(m) = 




/^OKaaaHHaa (|)opMyjia 

ip{u) — ip{u) = 'y^{uj — Uj) / — — {u + \{u — u)) d\ (6.1) 

Ha3biBaeTca c^opMyAou kohchhux npupam,eHuu. 



6.1 HenpepbiBHOCTb pemeHHa 

JleMMa 6.1. BeKTop-(J)yHKn,Ha lim u(x,y) nenpepbiBna. 

?i— >oo 

/^OKasaTejibCTBO. KjiaccHHecKafl TeopeMa anajiHsa ^aei flocTaTOHHoe 
ycjiOBHe cxoflHMOCTH (i)yHKii;HOHajibHOH nocjie^OBaTejibHOCTH k nenpepbiB- 
HOH 4)yHKii;HH: sjieivieHTbi nocjie;i;oBaTejibHOCTH flOJiJKHbi 5biTb nenpepbiBHbi- 
MH (J)yHKii;HaMH, H nocjieflOBaTejibHOCTb ;i;oji>KHa paBHOMepno cxo^HTbca. 
PaBHOMepnaa cxo^hmoctb nocjie^OBaTejiBHOCTH |m| oy^eT cjie^OBaTb h3 

oo 

paBHOMepnoH cxo^hmocth pa^a ^^( u — u)(x,y) . 

n=0 
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ilycTb HMeiOTca ^Ba nocjie^OBaTejibHbix npnojiHJKeHHa u , u , T.e., co- 
rjiacHO (4.1), 

(5x + ^i{x, y, ''u^)dyful = fi{x, y, u) , 

{d^ + ^i{x,y, u)dy)Ui + ^i{x,y,u)Uiy^fi{x,y, u)+^i{x,y, u )Uiy , 
''i\0,y)^u(0,y)^u%y). 

BbiMHTaHHCM nojiyHaeM aa^aHy KoniH ^jih u — u: 

{dx + ^i{x,y,"'u^)dy)Cul -Ui) = fi{x,y,u) - fi{x,y,\^)- 



n+l 



Uiy{ii{x,y, u ) -^i{x,y,u)) , 



Cu-u){0,y)^0. 



n+l n+1 n ^ 1\ 

/J,jia r = u — u c noMOinbK) cpopiviyjibi KonenHbix npnpaineHHH [b.l) 
nojiyHHM CHCTeMy 



{dx + ^i{x, y, ''u^)dy) 



n-l 



n+l. 



Q^\X,y, u +Xr) - Uiy — {x,y,u + X r 



dX , 



BocnojibSOBaBniHCb (|)op]viyjiOH (2.10), nojiy^HM 

m „i 



n+l I ^ 

n < 



rx _ _ r / 

/ max Ir^l / ( 

^0 ^ ' 't^7o V 



Of. 



dX dr. 



(6.2) 



Ha 4^opMyJT (3.32) bh^ho, ^to h3 C^-orpaHiiMeHHOCTii BeKTop-c|)yHKn,HH 
p, (7, TT, K H paBHOMepnoii orpaHnneHHOCTH nocjie/iOBaTejibHOCTii cjie- 

^yeT paBHOMepnaa orpanHHeHHOCTb c|)yHKii;HH 









. BejiHHHHa 


duj 


duj 



ecTb 

jih6o 0, jih6o 1, nocjie^OBaTejibHOCTb {uy^} paBHOMepno orpanHHena, h, ana- 

HHT, 



m »i 



E 



du-i 



duj 



dX<C , 
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r^e C — HeKOTopaa KOHCTanTa, T.e. JieBaa MacTb HepaBencTBa paBHOMepno 
orpaHHMena. BBe^eM o6o3HaHeHHe 

= max sup |rj(T,y)|. 

* {T,y)e[0,x]xR 

Tor^a c|)opMyjia (6.2) npHMeT bh^ 

Rn+i{x) <C f Rn{T) dr. (6.3) 
Jq 

HocjieflOBaTejibHO npHMenaa d^opuyjij (6.3), nojiynaeM: 

iiri+i(a;) < max Ri(t) ; — < max -Ki(r) ; — , 

OTKy^a coraacHO npHsnaKy BefiepniTpacca cjie^yeT paBHOMepnaa cxo^h- 

oo 

( u — u)(x,y) B nojioce [0, x] x R. EoaTOMy npe^ejibnaa 

n=0 

BeKTop-4)yHKii;Ha lim u[x, y) nenpepbiBHa b nojioce [0, x] x R. □ 

n— ♦oo 

6.2 HenpepbiBHaa flH(|)(|)epeHi],HpyeMOCTb pemeHHa 



JleMMa 6.2. BeKTop-4)yHKn,Ha lim u(x,y) nenpepbiBHO flHc|)c|)epeHn,Hpye- 

n— >oo 

Ma. 

/J^OKasaTejibCTBO. /l^Jia jiOKaaaxejibCTBa HenpepbiBiiocTH BeKTop-(J)yHKii;HH 
lim (u) BOcnojibsyeMca TeopeiviOH Apii;ejia. PaBHOMepnaa orpanHHeHHOCTb 



'y 

. n 



ceMeiicTBa {Uy} y>Ke flOKaaana. JJoKameu paBHOCTenenHyio nenpepbiBHOCTb 
ceMeiicTBa {Uy^ . 

CHaHajia jiOKaxeu paBHOCTenenHyio nenpepbiBHOCTb ceMeHCTB {g} . 
Ho (J)opMyjie KOHeHHbix npHpanieHHii (6.1) HMeeM: 

7X7% i Tt 

yi) - u{^2, y2) = {xi - X2) / u^{x2 + X{xi - X2),y2 + A(yi - ^2)) dX+ 

Jo 

+(yi - ^2) / Uy{x2 + \{xi - X2),y2 + A(yi - ^2)) dX. 
Jo 

PaBHOMepnaa orpanHHenHOCTb ceMeficTBa {m^,} c.rre;i;yeT h3 4)opMyji (4.1) h 
paBHOMepHOH orpaHHHeHHOCTH ceMeiicTB {uj, \Uy\ . OTcro^a cjie^yeT paB- 

n 

HOCTeneHHaa nenpepbiBHOCTb nocjieflOBaTejibnocTn . 
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BeKTop-4)yHKri;HH g[T^x^y) no 4)opMyjie KOHenHbix npHpain;eHHH 
(6.1) HMeeM: 

n n 

9{T,Xi,yi) -^(r, 0:2,2/2) = 

= {xi - X2) / 9x{t, X2 + X{xi - X2),y2 + A(yi - ^2)) dX+ 
Jo 

+ (yi - 2/2) / 9y{T, X2 + X{xi - X2), 2/2 + X{yi - 2/2)) dX. 
Jo 



PaBHOMepnaa orpanHHenHOCTb ceMeiicTB {9x}, {9y} cjieflyeT h3 4)opMyji 
(2.11) H H3 paBHOMepHOH orpaHHHeHHOCTH ceMeficTB {w}, {wj^} (b HameM 
cjiyHae = 0, d^i/duj jih6o 0, jih6o 1). HoaTOMy 

n n 

\9i{T,xi,yi) - 9i{T,X2,y2)\ < const {\xi - X2\ + \yi - 2/2I), 

T.e. ceMeficTBO |5'} paBHOCTenenHO nenpepbiBHO. 

PaccMOTpHM Tenepb na KOMnaKTe G{x, y) 4)yHKn,Hio u 



ly 



n+1, X n. /n+1, XX 

Uiy{x,y) = uU Qi (0,x,2/))+ 



- [ { -s:,' (e.. + E • + (/.V + E ^ ■ s.,) } (6.4) 

T, ViV, a;, 2/), «(t, VAt, X, 2/))) rfr . 

n+1 

B HameM cjiynae Cij/ = , d^i/duj jih6o , jih6o 1 . HocKOJibKy paBHOcie- 

neHHO HenpepbiBHbi ceMeiicTBa {tij, , to paBHOCTenenHO HenpepbiBHbi h 
ceMeiicTBa 

{<(V/(0,x,y))}, 



{/ij/ X, y),u{T, "gl{T, X, y)) 

— ^r, ""glir, x, y),u{T, ""glir, x, y)) 



Bocnojib3yeMCfl leopeMOH Kaniopa: nenpepuenaH na KOMnanme e (pyuK- 
ViUH paenoMepHO Henpepuena na amoM KOMnanme. YHHTbiBafl paBHOMepnyio 
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orpaHHHeHHOCTb ceMeficTBa {Uy} h TeopeMy KanTopa, nojiynaeM paBHO- 

CTeneHHyio nenpepbiBHOCTb npaBbix HacTeii paBencTBa (6.4), T.e. ceMeiiCTBa 

{Uy} , Ha KOMnaKTe G{x, y) . 

Bocno.rrbsyeMca TeopeMoi! Apn,ejia: ecAU cljyHKV,uoHaAfjHaj^, nocAedoea- 

meAhHocmh paenoMepHO ospaHunena u paenocmeneHHO nenpepuena na kom- 

nanme, mo U3 nee mookho eudeAumb nodnocAedoeameAbHocmb, paenoMepHO 

cxodHiu^ymcH na smoM KOMnanme. HoaTOMy cymecTByeT paBHOMepno cxo- 

^amaaca no^nocjie^OBaTejibHOCTb {%} . Ho TeopeMe o noHJienHOM flHcJ)- 

(j3epeHii;HpoBaHHH (J)yHKiiHOHajibHOH nocjieflOBaTejibHOCTH BeKTop-4)yHKii;Ha 

lim u(x,y) nenpepbiBHO ;i;H4)4)epeHii;HpyeMa no y , m 
fe— +00 

dy lim u = lim Uy. (6-5) 

k—*oo k—*oo 

H3 flOKaaaHHOH panee paBHOMepHoii cxo^hmocth nocjie;i;oBaTejibHOCTH {u} 
cjie^yeT, hto 

lim u = lim u. (6.6) 

k — >oo n — ^00 



Bocno.ibsoBaBinHCb paBencTBOM (6.6), nojiynaeM h3 paBencTBa (6.5) npaBHjio 
flH(J)4)epeHn,HpoBaHHa no y fljia BeKTop-(J)yHKn,HH lim u : 



dy lim u — lim Uy. (6.7) 

n— >oo k—*oo 



BeKTop-4)yHKn,Ha dy lim u nenpepbiBna, TaK KaK nenpepbiBHbi BCKTop- 

n-+oo 

(pyHKIXHH Uy . 

ripaBHJio ;i;H4j4^epeiiii,HpoBaiiHa no x ji^jin BeKTop-4)yHKn;HH lim u(x,y) 
nojiynaeM, nepexo^a b paBencTne (4.1) k npe^ejiy: 



lim Ui{x,y) = fi{x,y, lim u) - ^i{x,y, lim u){dy lim Ui). (6.8) 

n— >oo n— >oo ~ — ~ — 



HenpepbiBnocTb npoHSBO^non no x oSecnennBaeTca nenpepbinnocTbio 



BeKTop-4)ynKn,HH /, ^, lim u, dy lim u . 

n—*oo n^oD 
n 



HTaK, flOKaaano, HTO lim'u(x, y) G C^(G(a;, y)) . HoflCTaBKB nocTpoen- 

ra— >oo 

nyio 4)ynKn,Hio b aa^any Komn (2.8), (2.8*^) n BOcnojibsoBaBmncb panen- 
CTBOM (6.8), BH^HM, HTO OHa aBJiaGTca pemeHHeM sa^aHH Komn. 
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OcTaeTCfl CKaaaTb, mto ^jia jiioSoh tomkh (x, y) e [0, +00) x R mojk- 
HO nocTpoHTb KOMnaKT BH^a G{x,y) , co/iepjKaniHH STy TO^Ky. riocKOJib- 
Kv B nepece^ieiiHH ;i,Byx TaKHx KOMnaKTOB iianajiBiiBie npnSjiHJKeHHfl coBna- 
;i;aiOT H paBHbi HanajibHOMy npHSjiHJKeHHio, saflaHHOiviy b nojiynjiocKOCTH 
[0, +00) X R , TO coBna^aiOT h npe^ejibHbie c|)yHKii;HH, aBJiaioinHeca, cjie- 
flOBaiejibHO, orpaHHHeHHaMH npeflejibHoii 4)yHKn,HH, onpeflejieHHoii b nojiy- 
njiocKOCTH [0, +00) X R , Ha cooTBeTCTByiomyK) oSjiacTb. 

Otmcthm, hto Teopeivia Apii;ejia, aBJiaiomaaca hhctoh TeopeMoii cyme- 
CTBOBaHHa, HcnojibsyTca b ^OKaaaTejibCTBe, ho b HOCTpoennH pemenHa ne 
HcnojibsyeTca. □ 

7 OcHOBHOH pesyjibxax 

7.1 TeopeMa cymecTBOBaHHH h e^HHCTBeHHOCTH 

Bbime 6biJio ycTaHOBJieno, hto npn BbinojinenHH HepaBencTB (4.4), (4.7), 
(4.8) B nojiynjiocKOCTH x > cymecTByeT e^HHCTBeHHoe C-'^-pemeHne aa^a- 
MH (3.32), (3.32°) . C4)opMyjiHpyeM ycjiOBHa na K03c|)c|)Hn,HeHTbi ypaBnenHa 
(3.1) H HanajibHbie flannbie, o6ecneHHBaiomHe BbinojinenHe HepaBencTB (4.4), 



HycTb Mi,M2 — npoH3BOJibHbie nojiojKHTejibHbie nocToai-mbie, £,5 — 
nocToaHHbie, CBaaannbie ycjiOBHaMH 



(4.7), (4.8). 



0<£<(5, (5-£)/2<l, 



(7.1) 



rj{x) e C'^(R) — npoH3BOJibHaa HeoTpHii;aTejibHaa c|)yHKii;Ha. 
BbefleM o6o3HaHeHHa 



A^i = max{Mi, |M2(4Mi + QMf)}, 
N2 = M1M2 , 



(7.2) 




1 
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ByfleM npeflnojiaraTb BbinojinenHbiMH cjie^yiomHe ycjiOBHa: 



1) K034j4jHixHeHTbi A,B,C,D e C^{R^); 

2) HaHajibHbie 4)yHKii;HH G C^(M), p° G 

3) |a|<Mi, 1/A<M2, 



da 
'5ijj 



da 

'&Z 



< Mifiix) , 



< Mir]{x) , 
r^e a^ B,C,D,A, u;^x,y,p,q; 

/ + 00 
7j{x) dx <{6-e)/2; 
■oo 

5) n\s'\<l-{5-e)/2, |4|,b°|<l; 

6) inf r°(y) - sup >S>0. 

ye'R 



(7.3) 



TeopeMa 7.1. Hpn BbinojinenHH ycjiOBHii (7.3) C^-rjia^Koe pemenHe 
aa^aHH KoniH (3.1), (3.3) cymecTByeT h eflHHCTBenHO. 

^OKasaTejibCTBO. /^OKajKeivi, hto vcjioehji (7.3) oSecnenHBaiOT Bwnoji- 
HGHHe ycjTOBHH (4.4), (4.7), (4.8) h Tpe6oBaHHH, KOTopbie npe^mecTByiOT hm 
B Hanajie pas^ejia 4.2. 

YcjiOBHA (4.4) c4)opMyjiHpoBaHbi B npeflnojioJKeHHH C''^-rjiaflKOCTH h 
orpaHH^eHHOCTH HaMajibHbix flannbix r^, . CnaMajia noKajKCM, hto ycjio- 
BHa (7.3) oSecneHHBaiOT ycjiOBne r^, s° e . Ha nepBbix ^Byx ypaBHeHHfi 
CHCTeMbi (3. 32") nojiyMaeM 



OTKyfla 

zl,iy) + B{0,y,z'{y)y{y),z'^{y)) 
TaKHM oSpaaoM, HepaBencTBO 



A(0,y,z°(y),p°(y),4(y)) 
4,(y) + S(0,y,^o(y),pO(y),^o(^))' 

A{0,y,z%y),p%y),zM) 



r^{y) - s^{y) 



zl{y) + B{Q,y,z\y)y{y),zl{y)) 

o6ecne^HBaeTCfl ycjiOBneM (7.3), nynKT 6), h ycjiOBHeM 1/A < M2 h3 ycjio- 
BHa (7.3), nyHKT 3). 
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Tor^a ycjTOBHe r°, s° G o6ecneHHBaiOT 4)opMyjibi (3.32°) h ycjiOBHH 
(7.3), nyHKTbi 1), 2). OrpanHHenHOCTb 4)yHKn,HH r^, s° o6ecneHHBaeTca ycjio- 
BHeM (7.3), nyiiKT 5). 

YcjiOBHa (4.4) c4)opMyjiHpoBaHbi TaKJKe b npe^nojiojKeHHH C^-rjiaflKOCTH 
H orpaHHHeHHOCTH HanajibHbix ^annbix p^,q^ . CoraacHO (3.32°) — Zy . 
C'-'^-rjiaflKOCTb c|)yHKn,HH p^,q^ oSecneHHBaeTca ycjiOBHeM (7.3), nynKT 2). 
OrpaHHHeHHOCTb (J)yHKn,HH p^,q^ oSecne^BaeTca ycjiOBHeM (7.3), nynKT 5). 

^ajiee, ycjiOBna (4.4) c4)opMyjiHpoBaHbi b npe;i;nojiojKeHHH 
C^-rjia;i;KOCTH h orpaHnneHHOCTH BeKTop-(J)yHKn;HH p, a,7r,K . Corjiac- 
HO (3.32) B BbipajKenna ^Jia 3thx BeKTop-cjjyiiKi^Hii Bxo^aT nepBbie 
npoH3BO,T,Hbie c|)yHKn,HH B,C, D, A h BbipajKenne 1/A. Corjiacno ycjio- 
BHaM (7.3), nyHKT 3) 4)yHKn,Ha 1/A OT^ejiena ot nyjia nojiOKHTejibHoii 
KOHCTaHTOH. Tor;i;a C^-r.naji;KOCTb BeKTop-4)yHKii;HH p, a, vr, k, oSecnennBa- 
GTca C^-rjiaflKOCTbK) 4)yriKLi,HM A,B,C,D corjiacno ycjiOBnaivi (7.3), nynKT 
1). OrpannnennocTb BeKTop-(J)ynKn;nH p,a,7r,K o6ecneHHBaeTca ycjiOBnaMn 
(7.3), nynKT 3). 

Hcnojib3ya ycjionne (7.3), nynKT 3), nojiyHaeM on,enKH 



Pi 


) kil 


<Mi77, i = 0, 13; 


\Pi\ 


) kil 


< |M2(4Mi + 9Mf)77, i = l,2,7,8; 


\Pi\ 


) kil 


<MiM2fi, i = 3,4,5,6,9,10,11,12; 






< Ml , i = 0, 1; 



OTcro^a corjiacno 4)opMyjiaM (4.3), (7.2) HMeeM on;enKH 

ai{x) < max{Mi, |M2(4Mi + 9Mf)}r]{x) = Nir]{x) , 

Mx) < MiM2fj(x) = N2f}(x) , (7.4) 

CKs < Ml . 

Tor^a nynKTbi 4), 5) ycjionna (7.3) o6ecneHHBaK)T Bbinojinenne BToporo 
nepanencTBa (4.4): 

/+00 r+oo 
ai{x) dx + 8 (1 + 2Q;3|a;|) a2{x) dx < 
-oo J —oo 

/ + 00 
r]{x) dx<{l-{5- e)/2) + {5- e)/2 = 1 . 
-oo 

riepBoe nepanencTBO (4.4) cjie^yeT h3 ycjiOBna (7.3), nynKT 5). Hepa- 
BencTBO (4.7) ecTb ycjiOBne (7.3), nynKT 6). HepanencTBO (4.8) c yneTOM 
o6o3naHenHH (7.2) n on,enoK (7.4) ecTb ycjionne (7.3), nynKT 4). 



38 



TaKHM o6pa30M, ycjiOBHa (7.3) o6ecneMHBaiOT BbinojineHHe HepaBencTB 
(4.4), (4.7), (4.8), KOTopbie b cboio OHepe.T,b oSecnenHBaiOT cymecTBOBa- 
HHe ejiHHCTBeHHoro C^-pemeHHs 3a;i;aHH (3.32), (3.32^^) b nojiynjiocKOCTH 
x>0. 

PemeHHe b nojiynjiocKOCTH x < CTpoHTca anajiornHHO. C^-raa^KOCTb 
pemeHHfl na Bceii bjiockocth o6ecneHHBaeTca oflnnaKOBbiMH naHajibHbiMH 

flaHHblMH. 

C^-pemeHHK) aaflann (3.32), (3.32°) cooTBeTCTByeT C^-pemeHne 3a;i;a- 
HH (3.1), (3.3), nocKOJibKy corjiacHO Teopeivie 3.2 ^Jia SToro ^ocTaTOHHO bm- 
nojiHenna nepaBencTBa A > 0, cnpaBe^jiHBoro b CHJiy ycjiOBna 1/A < M2 
(ycjiOBHe (7.3), nynKT 3)). □ 

IIpHMep 7.1. HoKajKeM, ^to ycjiOBHa (7.3) aa- 
;i;aiOT HenycToe MHOJKecTBO Bxo;iHbix flannbix. HycTb 
A = 1/16, B = 1/2, C = 0, D = 0, ^0 = 1, pO = 1. Tor^ co- 
rjiacHO (3.2) = 4>1, OTKyfla A = 1/2. BbipajKeHHa (3.32") 

fljia HaHajibHbix flannbix npHHHMaiOT bh^ r^, — (C ^ A)/2B, 
OTKyfla r°,s" = ±l/8. TaKHM oSpaaoM, cymecTByiOT nocTO- 
aHHbie Ml = 1/2, M2 = 2 , 5=1/4, e = 1/4 h 4)yHK^HH 
r){x) = 0, fj{x) = , fljia KOTopbix BbinojineHbi cooTHomeHna (7.3). 
IlocToaHHbie A^^i, A'2 onpeflejiaiOTca BbipajKenHaMH (7.2). □ 

IIpHMep 7.2. YpaBHeHHe c nocToanHbiMH K034)4)Hn,HeHTaMH. CncTeMa 
(3.32) CBOflHTca k neaaBHCHMoii noflCHCTeMe (3.33), KOTopaa npHHHMaeT bh^ 

{d^ + sdy)r = 0, 
{dx + rdy) s = Q. 

J\ji5i 3T0H CHCTeMbi OT ycjiOBHH (7.3) ocTaiOTca TOJibKO ycjiOBHa Ha nanajib- 
Hbie (J)yHKiiHH r", s" . Ilocjie naxojKfleHHa (J)yHKTXHH r, s peiuaiOTca jiHHen- 
Hbie ypaBHeHHa (3.32) jiflu 4)yHKii;HH p, q, z . HanajibEbie ^annbie q^, 
B 3T0M cjiynae BbipajKaiOTca nepea r", s° npn noMomn (3.32°°) . □ 

7.2 HaMajibHbie ^aHHbie 

KoHKpeTHSHpyeM ;i;ocTaTOHHbie ycjiOBna, oSecneHHBaioiuHe BbinojineHHe 
ycjiOBHH (7.3) B nyHKTax, KacaioinHxca HanajibRbix ^anHbix. 
IlycTb 

mi > 0, m2 > 0, Li > 0, I/2 > 0, I/3 > 



39 



— npoH3BOJibHbie nocTOHHHbie. BsefleM nocTOHHHbie 



_ mi(2 + L3j m2 ,x 

1 



Li - mi 2{Li - mi) ' 

L4 



2M2L2 ' 

r^e M2 — nocToaHHaa h3 ycjiOBHH (7.3), nyHKT 3). 

By^eM npe^nojiaraTb BbinojiHenHbiMH cjie^yioiuHe ycjiOBna: 

1) 2° G C^R), / G C\R) ; 6) |C| < ma ; 

2) |^°|<1, b°|<l; 7) ^^<L^; 

3) l4J<mi, b°|<mi; 8) L3 + mg < 1 - ^ ; (7-6) 

4) 0<Li<5<L2; 9) L4-m4>5/2>0. 

5) Li — mi > ; 

TeopeMa 7.2. HycTb K034)4)Hii;HeHTbi A,B,C,D ypaBHenna (3.1) y^o- 
BjieTBopaiOT ycjiOBHSM (7.3), h nycTb CBepx Toro BbinojineHbi ycjiOBHa (7.6). 
Tbr/ia Ha^ajibHbie (|)yHKn,HH z^, h onpe;i,ejifleMbie hmh c noMombio 4)op- 
Myji (3.32°) 4)yHKn,HH r°, yflOBjieTBopaiOT ycjiOBHaM (7.3). 

^OKaaaTejibCTBO. HynKT 2) ycjiOBHfi (7.3) cjie^yeT h3 nynxTa 1) ycjio- 
BHii (7.6). HyHKT 5) ycjiOBHii (7.3) flJia c|)yHKii;HH Zy, p° ecTb nyHKT 2) 
yCJTOBHH (7.6). 

HoKajKeM, MTO fljia c|)yHKn,HH r^, nyHKT 5) ycjiOBnii (7.3) Bbinojinen. 
TaK KaK 

C±A-2pl C±A _{C±A)B- 2plB - {C ± A)(4 + ^) _ 
2(4 +S) 2B ~ '2{z'+B)B 



-2p°S-(C±A)4 _ pI (C±A)z\ 





yy 



TO 



2(4. + B)B 4, + B 2(4, + B)B ' 

C±A-2p°_C±A p° (C±A)4 



yy 



2(4, + S) 2S + S 2(4, + S)S- 



(7.7) 
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Bsoflfl HHfleKC a; = r, s, h3 paBencTB (3.32°) , (7.7) nojiynaeM on,eHKH 



\U! 



C ± A - 2pO 



2(^°, + B) 



(7.6), n.3)-6) |A| +m2 



< 



< 



+ 



\C\ + \A\ 
2\B\ 

1 



+ 



\pI\ 



+ 



i\c\ + \A\)\z: 



I 



< 



2Li Li — mi 
mi 



mi + 



mi(|A| + m2) 



2Li 2Li Li — mi 



2Li 2Li 



2Li 



(7.6), n. 7) 
< 



<i3 + :??^ + 



mi 



2Li Li — mi \ 



(l + L 



3 + 



m2 \ (7.5) 



2Li 



(7.6), n.8) 



^ Ls + rris < 1 



HoKajKeM, HTO BbinojiHen nyHKT 6) ycjiOBHH (7.3). TaK xax 

C ± A - 2p0 ±A _{C±A)B- 2plB - (± A) (^^ + B) 



2{zl + 5) 2B 



2{zO+B)B 



CB-2plB-{±A)zl _ C-2p^ (±A) 4 



2(4 + ^)^ 



2(4. + ^) 2S 4 + S ' 



yy 



TO 



C ± A - 2p0 ±A (±A) 



yy 



+ 



C-2p' 



2(^0, + 5) 2fi 2B z^ + B 2(2;°^ + 5) ' 
BBO^a HH^eKC uj = r,s , h3 paBencTB (3.32°) , (7.8) nojiynaeM oii;eHKH 



C ± A - 2p0 



2(4. + ^) 



> 



> inf 



> 



±A 




±A 


2B 


— sup 


2B 


3) 1 


1 





yy 



yy 



sup 



C-2p' 



2(4. + ^) 



M2 ' 2L2 



(7.6), n.4) 
> 



> 



(7.6), n.3),5),7) 1 
> 



> La 



M2 2L2 
(7.6), n.9) 



±A 


z^ 
'^yy 


— sup 


C- 




2B 


4y + B 


2 (4a 


+ B) 


L3 ■ 


mi 


1112 + 




[7.5) 
> 


Li 


— nil 


2(Li- 


mi) 



m4 



> 



S/2>0. 
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IlocKOJibKy 3HaK (|)yHKn,HH uj^ onpe^ejifleTCfl ee rjiaBHoii nacTbio ±A/2B, 
TO (J)yHKn,HH h hmgiot pasHbie snaKH, npH^eM h3 ycjiOBHa B > 
((7.6), nyHKT 4)) h ycjiOBHa A > ((7.3), nyHKT 3)) cjie;i;yeT, hto 
r° > 0, s° < . Tor;i;a h3 flOKaaanHbix cooTHomeHHii \uj^\ > 6/2 nojiyna- 
GM inf r°(?/) — sups°(|/) > 5 > . □ 

IIpHMep 7.3. YcjiOBHaM (7.6) y;i;oBJieTBopaiOT K03(|)(|)Hii;HeHTbi h na- 
HajibHbie (J)yHKii;HH npniviepa 7.1. B 3tom cjiynae M2 = 2, mj = 0, Lj = l/2, 
i = 1, 2, 3, 4 . Sa^aBafl Majibie B03MymeHHa bxc^hbix ^anHbix h3 npHMepa 7.1, 
nojiynaeM npHMep ypaBnenHfl c nepeivieHHbiMH K034)4)Hn,HeHTaMH, 3aBHcamH- 

MH OT X, y, Z, Zx, Zy , Tl C HenOCTOJIHHblMH HaHajIbHblMH 4)yHKIi;H5IMH. □ 



8 npHjio:>KeHHe. KoHxaKTHbiH no^xo/i, 

8.1 KoHxaKTHoe npeoGpasoBaHHe Mo:aceT nepeBO/i,HTb 
KjiaccHHecKoe pemeHHe b pemeHHe, ocoSoe b Ka:ac- 
floii TOMKe. 

PaccMOTpHM HHJKecjieflyiomHH npHMep. Abtop 6jiaroflapeH B. B. JlbinarnHy 
|JIbiq-75j . |JIbiq-79| H Jl. B. SnjibSeprjieiiTy, BBe;i;mHM ero b Kypc flejia. 

IIpHMep 8.1. PaccMOTpHM npocTpaHCTBO fljKeTOB nepBoro nopa^Ka 
J^(M^) c KoopflHHaTaMH x,y, z,p,q , r^e x, y hmgiot cmbicji He3aBHCHMbix 
nepeMeHHbix, z — cmmcji hckomoh (J)yHKn,HH z{x,y) ^ n p, q — cmmcji nep- 
Bbix npoH3Bo;i;Hbix z^, Zy cooTBeTCTBeHHO. Ha J^(]R^) HMeeTca npocTpan- 
CTBO BHeniHHx (J)opM 2-ro nopa^Ka A^J^(]R^) . 

Hiviea B Bupj, hto p = fx , Q = fy , r;i;e f{x,y) — neKOTopaa (|)yHKii;Ha 
Ha , nojiy^aeM paBencTBO 

dx A dq + dy A dp = dx A d{fy) + dy A d{f.j.) = dx A {f^y dx + fyy dy) + 
+dy A {fxx dx + fxy dy) = f^y dx Adx + fyy dx Ady + f^x dy A dx+ 
+fxy dy Ady = fyy dx A dy - f^x dx A dy = (fyy - f^x) dx A dy 

H paBGHCTBO 

dp Adq + dx Ady = d{fx) A d{fy) + dx A dy = {f^x dx + f^y dy) A {f^y dx+ 
+fyy dy) + dx Ady = fxxfxy dx Adx + fxxfyy dxAdy + fxyfxy dy A dx+ 
+fxyfyy dy A dy + dx A dy = [fxxfyy - {fxyf) dxAdy + dxAdy = 
= (hess f + 1) dx Ady . 
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3flecb Hcnojib30BaHbi cjie^yiomHe TOJK^ecTBa ajireSpbi BHeniHHx 4)opM 

Ui A {uj2 + UJ3) = Ui A UJ2 + uJi A iUs , 
aui A = cui A auj2 = a{ui A UJ2) , 
u A u = , 

r^e u, uii, UJ2, uJ^ — BHeniHHe 4)opMbi, a — KOHCTanTa. 
HiaK, (J)opMe 

dx Adq + dy A dp 

H3 A^J^(M^) Mbl nOCTaBHJIH B COOTBeTCTBHe 4)opMy 

{fyy - fxx) dx A dy 
H3 A^(]R^) , T. e. jiHHeiiHoe bojihobog ypaBnenHe, a 4)opMe 

dp A dq + dx A dy 

H3 A2ji(M2) _ 4)opMy 

(hess f + 1) dx Ady 

H3 A^(M^) , T. e. npocTeliniee ypaBHenne MoHxca-AMnepa. 
PaccMOTpHM npeo6pa30BaHHe Aivinepa 

X = —p, y = y, z = z—px, p = X, q = q- 

Oho SBJiaeTca KOHTaKTHbiM, t. e. coxpanaeT (|)opMy dz — p dx — q dy : 

dz — pdx — qdy = d{z — px) — x d{—p) — q dy = 
= dz — dp X — p dx + X dp — q dy = dz — p dx — q dy . 

npeo5pa30BaHHe Aivinepa nepeBO^HT ypaBHenne MoHJKa-AMnepa 
hess z = —1 B jiHHeiiHoe BOJinoBoe ypaBnenHe Zxx — Zyy = , Tax KaK 

dpAdq + dxAdy = dx Adq + d{—p) Ady = dx Adq — dp Ady = dxAdq + dy Adp . 

npeo5pa30BaHHe Aivinepa nepeBO^HT KJiaccHnecKoe pemenne z = xy 
ypannenna hess z = — 1 , t. e. ^nyiviepnoe nnierpajibnoe MnorooGpasne 
{u,v,uv,v,u) , B nnTerpajibnoe Mnoroo6pa3ne (— f , f , 0, m, -u) , t. e. Mnoro- 
3HaHHoe pemenne BOJinoBoro ypaBnenna z^x — Zyy = . 3to nocjieflnee nn- 
Terpajibnoe Mnoroo5pa3ne npn npoeKTnponannn na njiocKOCTb = {x, y) 
fl,aeT npaMyio (— f , f ) , a ne flByiviepnyio o6jiacTb, t. e. ono nn b Oflnoii CBoen 
TOHKe ne MOJKeT HcnojibsonaTbca b KanecTBe Kjiaccn^ecKoro pemenna boji- 
noBoro ypaBnenna. □ 
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